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Abstract 

The main purpose of this paper is to give a solution to a long-standing unsolved problem in 
stochastic control theory, i.e., to establish the Pontryagin-type maximum principle for optimal 
controls of general infinite dimensional nonlinear stochastic evolution equations. Both drift 
and diffusion terms can contain the control variables, and the control domains are allowed 
to be nonconvex. The key to reach it is to provide a suitable formulation of operator- valued 
backward stochastic evolution equations (BSEEs for short), as well as a way to define their 
solutions. Besides, both vector-valued and operator-valued BSEEs, with solutions in the sense 
of transposition, are studied. As a crucial preliminary, some weakly sequential Banach-Alaoglu- 
type theorems are established for uniformly bounded linear operators between Banach spaces. 
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1 Introduction 



Let (il, -F, F,P) be a complete filtered probability space with the filtration F = {J-'t}t>o, on which 
a one-dimensional standard Brownian motion {w{t)}t>o is defined. Let T > 0, and let X be a 
Banach space. For any t G [0,r] and r € [l,oo), denote by L'jr^{0,;X) the Banach space of all 
J^(-measurable random variables ^ : O — > X such that < oo, with the canonical norm. Also, 

denote by D^{[0,T]; [il; X)) the vector space of all X-valued rth power integrable F-adapted 
processes ^(•) such that (f>{-) : [0,T] — >■ L'^{^,Tt,P',X) is cadlag, i.e., right continuous with left 
limits. Clearly, Df{[0,T];L'^{U;X)) is a Banach space with the following norm 

\(l>{-)\Df{[o,T];Lr{n-x)) = sup [E|(/)(r) |^] 

te[o,T) 

We denote by Cp{[0,T]; U' {Q; X)) the Banach space of all X-valued F-adapted processes 
such that (/>(•) : [0, T] — > L''{^,Ft-,P',X) is continuous, with the norm inherited from Z)f([0, T]; 
U'{VL;X)). Fix any ri,r2,r3,r4 G [l,oo]. Put 

\^{t)Y^dt^"^ < oo}, 

L^2(o,T;L''i(0;X)) = |^ : (0, T) x O -> X | is F-adapted and j (E|^(t)|^) 'Mi < oo}. 

Clearly, both L'"2(0, T; X)) and Lp^(0, T; L''! (O; X)) are Banach spaces with the canonical 

norms. If ri = r2, we simply denote the above space by Lp^(0,T;X). Let Y be another Banach 
space. Denote by C{X,Y) the (Banach) space of all bounded linear operators from X to Y, with 
the usual operator norm (When y = X, we simply write C{X) instead of C{X,Y)). Further, 
we denote by £j,d(L^i(0,r;L'-2(n;X)), L'^'{0,T; L^^{n;Y))) {resp. Cpd{X, L'^'iO.T; L^^{n;Y)))) 
the vector space of all bounded, pointwisely defined linear operators C from L^{0,T;L^'^{Q;X)) 
{resp. X) to Uf'{0,T;L''*(n:Y)), i.e., for a.e. {t,uj) G (0,T) x Q, there exists an L(t,uj) G C{X,Y) 
verifying that {Cu{-)){t,u) = L{t,uj)u{t,u), V u{-) G L'^'{0,T;U"'{^1;X)) {resp. {Cx){t,u) = 
L{t,co)x, Vx G X). Similarly, one can define the spaces Cpd{L^^ {^; X) , L'^{0,T;L'^*{^;Y))) and 
/:pd{U^{n;X), L^*{n;Y)), etc. 

Let H be a complex Hilbcrt space, and let A be an unbounded linear operator (with domain 
D{A) on H), which is the infinitesimal generator of a Co-semigroup {<S'(t)}t>o. Denote by A* 
the dual operator of A. Clearly, D{A) is a Hilbert space with the usual graph norm, and A* is 
the infinitesimal generator of {S*{t)}t>o, the dual Co-semigroup of {S{t)}t>o- For any A G p{A), 
the resolvent of A, denote by A\ the Yosida approximation of A and by {>S'A(t)}teM the Co-group 
generated by A\. Let U he a metric space with its metric d{-, ■). Put 



U[0,T] = |u(-) : [0,r] ^ U u{-) is F-adapted}. 



Throughout this paper, we assume the following condition. 

(Al) Suppose that a{-, ■,■) : [0,T] x H x U ^ H and b{-, ■,-) : [0,T] x H x U ^ H are two maps 
satisfying: i) For any {x,u) E H x U, the maps a{-,x,u) : [0,T] — )• H and b{-,x,u) : [0,T] — H 
are Lebesgue measurable; ii) For any {t,x) G [0,T] x H, the maps a{t,x,-) : U ^ H and b{t,x,-) : 
U ^ H are continuous; and Hi) There is a constant Cl > such that 

\a{t,xi,u) - a{t,X2,u)\H + \b{t,xi,u) - b{t,X2,u)\H < Cl\xi - X2\h, 
\a{t,0,u)\H + \b{t,0,u)\H < Cl, (1.1) 

V {t,xi,X2,u) e [0,T] X H X H X U. 
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Consider the following controlled (forward) stochastic evolution equation: 

{dx = [Ax + a(t,x,u)jdt + b{t,x,u)dw{t) in(0, T], (12) 
x(0) = xo, 

where u G U[0,T] and xq £ L^^^{fl; H) for some given pQ > 1. We call x(-) = x{-;xo,u) G 
Cw{[0,T];LPo{n;H)) a mild solution to (1.2) if 

x{t) = S{t)xo+ f S{t- s)a{s,x{s),u{s))ds+ f S{t - s)b{s,x{s),u{s))dw{s), VtG[0,T]. 
Jo Jo 

In the sequel, we shall denote by C a generic constant, depending on T, A, pQ (or p to be introduced 
later) and Cl (or J and K to be introduced later), which may be different from one place to another. 
Similar to [9, Chapter 7], it is easy to show the following result: 

Lemma 1.1 Let the assumption (Al) hold. Then, the equation (1.2) is well-posed in the sense of 
mild solution. Furthermore, 

\x{-)\ct{\0,T\-LPO{Q;H)) < C [l + la^oL^o (q.^^)) . 

Also, we need the following condition: 

(A2) Suppose that g{-,-:') '■ [0)^"] x x [/ — >■ R and h{-) : — >■ M are two functions satisfying: 
i) For any {x,u) e H x U, the function g{-,x,u) : [0,T] R is Lebesgue measurable; ii) For any 
(t, x) G [0, r] X H, the function g(t, x, ■) : U is continuous; and Hi) There is a constant Cl > 
such that 

\g{t,xi,u) - g{t,X2,u)\H + \h{xi) - h{x2)\H < Cl\xi - X2\h, 
\g{t,0,u)\H + \hmH<CL, (1.3) 

V {t,xi,X2,u) e [0,T] X H X H X U. 

Define a cost functional J'{-) (for the controlled system (1.2)) as follows: 

J{u{-))=e\ [ g{t,x{t),u{t))dt + h{x{T))\, \/ u{-) £U[0,T], (1.4) 

where x{-) is the corresponding solution to (1.2). 

Let us consider the following optimal control problem for the system (1.2): 

Problem (P) Find a u{-) G U[0,T] such that 

J{u{-))= inf J«)). (1.5) 

u(-)eW[o,T] 

Any n(-) satisfying (1.5) is called an optimal control. The corresponding state process x(-) is called 
an optimal state (process), and (x(-),n(-)) is called an optimal pair. 

The main goal of this paper is to establish some necessary conditions for optimal pairs of Prob- 
lem (P), in the spirit of the Pontryagin-type maximum principle ([25]). In this respect, the problem 
is now well-understood in the case that dimi? < oo. We refer to [14] and the references therein 

for early studies on the maximum principle for controlled stochastic differential equations in finite 
dimensional spaces. Then, people established further results on the maximum principle for stochas- 
tic control systems under various assumptions, say, the diffusion coefficients were non-degenerate 
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(e.g. [11]), and/or the diffusion coefficients were independent of the controls (e.g. [4, 6]), and/or 
the control domains were convex (e.g. [4]). Note that, generally speaking, many practical systems 
(especially in the area of finance) do not satisfy these assumptions. In [24], a maximum principle 
was obtained for general stochastic control systems without the above mentioned assumptions, and 
it was found that the corresponding result in the general case differs essentially from its determin- 
istic counterpart. As important byproducts in the study of the above finite dimensional stochastic 
control problems, one introduced some new mathematical tools, say, backward stochastic differen- 
tial equations (BSDEs, for short) and forward-backward stochastic differential equations ([6, 7, 23] 
and [19, 29]), which are now extensively applied to many other fields. 

Let us recall here the main idea and result in [24]. Suppose that (x (•),«(•)) is a given optimal 
pair for the special case that A = 0, H = (for some n G N) and F is the natural filtration W 
(generated by the Brownian motion {w{-)} and augmented by all the P-null sets). First, similar to 
the corresponding deterministic setting, one introduces the following first order adjoint equation 
(which is however a BSDE in the stochastic case): 



dy{t) 



a^{t, x{t),u{t)yy{t) + 6^(t, x{t),u{t)yY{t) 



-g^it, x{t),u{t))^ dt + Y{t)dwit), 
{ y{T) = -K{x{T)). 



in [o,r). 



(1.6) 



Here the unknown is a pair of F-adapted processes (y(-), !"(•)) e Cf([0, T]; L2(0; M")) xL|(0, T; M''). 
Next, to establish the desired maximum principle for stochastic controlled systems with control- 
dependent diffusion and possibly nonconvex control domains, the author in [24] had the following 
fundamental finding: Except for the first order adjoint equation (1.6), one has to introduce an 
additional second order adjoint equation as follows: 



dP{t) = - \a^{t, x{t),u{t)yP{t) + Pit)a^{t, x{t), u{t)) 

+b^{t, x{t),u{t)fP{t)b^{t, x{t), u{t)) 
+b^{t, x{t),u{t)fQ{t) + Q{t)b^{t, x{t), u{t)) 

+Ma,S, Ht), u{t), y(t), y(t))] dt + Q{t)dw{t), 
[ P{T) = -h^^{x{T)). 

In (1.7), the Hamiltonian M{-, •, •, •, •) is defined by 



(1.7) 



in [o,r) 



M{t, X, u, yuy2) = { yi,a{t, x, u) + { y2, b{t, x, u) -g{t, x, u), 

{t,x,u,yi,y2) G [0, T] xM" x [/xM^xlE 



Clearly, the equation (1.7) is an 
cesses (P(-),Q(-)) G Cf{[0,T]; L'^{n;l 
ix{-),ui-),y{-),Yi-),P{-),Q{-)), define 



nxn 
lanxn 



valued BSDE in which the unknown is a pair of pro- 
)) X L|(0,r;M''^'"). Then, associated with the 6-tuple 



H(t, x, u) = M{t, X, u, y{t),Y{t)) + ^{Pit)b{t, x, u),b{t, x, u) )^r. 

-{Pit)b{t,x{t),u{t)),bit,x,u))^r.. 

The main result in [24] asserts that the optimal pair (x(-),u(-)) verifies the following stochastic 
maximum principle: 



H{t,x{t),u{t)) 



m.ax'H{t,x{t),u), 



a.e. t G [0,r], P-a.s. 



On the other hand, there exist extensive works addressing the Pontryagin-typc maximum prin- 
ciple for optimal controls of deterministic infinite dimensional controlled systems (e.g. [15] and 
the rich references therein). Naturally, one expects to extend the optimal control theory of both 
stochastic finite dimensional systems and deterministic infinite dimensional systems to that of infi- 
nite dimensional stochastic evolution equations. In this respect, we refer to [5] for a pioneer work. 
Later progresses are available in the literature [2, 3, 12, 26, 27, 30] and so on. Nevertheless, almost 
all of the existing published works on the necessary conditions for optimal controls of infinite di- 
mensional stochastic evolution equations addressed only the case that the diffusion term does NOT 
depend on the control variable (i.e., the function b(t,x,u) in (1.2) is independent of u). As far as 
we know, the stochastic maximum principle for general infinite dimensional nonlinear stochastic 
systems with control-dependent diffusion coefficients and possibly nonconvex control domains has 
been a longstanding unsolved problem. 

In this paper, we aim to give a solution to the above mentioned unsolved problem. Inspired 
by [24], we will first study an if- valued BSEE and an £(ii)-valued BSEE, employed accordingly 
as the first order adjoint equation and the second order adjoint equation (for the original equation 
(1.2)), and then establish the desired necessary conditions for optimal controls with the aid of the 
solutions of these equations. 

First, we need to study the following ii-valued BSEE: 



dy{t) = -A*y{t)dt + f{t, y{t),Y{t))dt + Y{t)dw{t) in [0, T), 
y{T) = VT. 



(1.8) 



Here yr G L^^^i^; H)) with p G (1, 2], /(•, •, ■) : [0,T] x H x H ^ H satisfies 

f /(•,0,0) G4(0,r;Lf(f];F)), 

\f{t,xi,yi) - f{t,X2,y2)\H < Cl{\xi - X2\h + \yi - y2k), (1-9) 
a.e. (t, w) G [0, T] X fi, V xi,X2,yi,y2 & H. 

Since neither the usual natural filtration condition nor the quasi-left continuity is assTimcd for 
the filtration F in this paper, and because the unbounded operator A is assumed to generate a 
general Co-semigroup, we cannot apply the existing results on infinite dimensional BSEEs (e.g. 
[1, 13, 19, 20]) to obtain the well-posedness of the equation (1.8). 

Next, it is more important that the following £{H)-vdlued BSEE^: 

jdP = -{A* + J*)Pdt - P{A + J)dt - K*PKdt - {K*Q + QK)dt + Fdt + Qdw{t) in [0, T), 

\p(r) = Pt 

(1.10) 

should be studied. Here and henceforth, F G L^{0,T; L'^{Q; C{H))), Pt G L'j,^{Q; C{H)), and 
J,K e L^(0, T; L°°(0; C{H))). For the special case when H = M", it is easy to see that (1.10) is an 
j^nxn (niatrix)-BSDE, and therefore, the desired well-posedness follows from that of an (vector)- 
valued BSDE. However, one has to face a real challenge in the study of (1.10) when dimH = oo, 
without further assumption on the data F and Pt- Indeed, in the infinite dimensional setting, 
although C{H) is still a Banach space, it is neither reflexive (needless to say to be a Hilbert 
space) nor separable even if H itself is separable (See Problem 99 in [10]). As far as we know, in 
the previous literatures there exists no such a stochastic integration/evolution equation theory in 



^Throughout this paper, for any operator-valued process {resp. random variable) R, we denote by R* its point- 
wisely dual operator-valued process {resp. random variable). For example, if R £ L^^ {0,T; U"^ {fl; jC{H))), then 
R* £ L^^ {0,T; L''^ {fl; C{H))), and (o,t;L'-2 (f2;£(if))) = \R*\L^^(o,T;L^2(n;C(H)))- 
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general Banach spaces that can be employed to treat the well-posedness of (1.10). For example, the 
existing result on stochastic integration/evolution equation in UMD Banach spaces (e.g. [21, 22]) 
does not fit the present case because, if a Banach space is UMD, then it is reflexive. 

The key of this work is to give accordingly reasonable definitions of the solutions to (1.8) 
and (1.10), and show the corresponding well-posedness results. For this purpose, we employ the 
transposition method developed in our previous work [18], which was addressed to the BSDEs in 
M". Our method has several advantages. The first one is that the usual duality relationship is 
contained in our definition of solutions, and therefore, we do NOT need to use Ito's formula to 
derive this sort of relation as usual to obtain the desired stochastic maximum principle. Note 
that, it may be very difficult to derive the desired Ito's formula for the mild solutions of general 
stochastic evolution equations in infinite dimensions. The second one is that we do NOT need 
to use the Martingale Representation Theorem, and therefore we can study the problem with a 
general filtration. Note that, when we deal with BSEEs with operator unknowns, as far as we 
know, there exists no Martingale Representation Theorem (for the i2(iJ)-valued martingale) even 
if F is the natural filtration W. Thirdly, as shown in [28] (though it addressed only BSDEs in M"), 
similar to the classical finite element method solving deterministic partial differential equations, our 
transposition method leads naturally numerical schemes to solve both vector-valued and operator- 
valued BSEEs (The detailed analysis is beyond the scope of this paper and will be presented in our 
forthcoming work). 

In order to define the transposition solution to (1.8), we introduce the following (forward) 
stochastic evolution equation: 



[ z{t) = rj, 

where t € [0,r], vi G Ll{t,T; Li{n; H)), V2 G L|(t, T; L'?(f]; i?)), 7] G L^^(J1;F), and q = ^ (See 



[9, Chapter 6] for the well-posedness of (1.11) in the sense of mild solution). We now introduce the 
following notion. 



Definition 1.1 We call {y{-),Y{-)) G Dw{[0,T] ; LP{n; H)) x Lj{0,T; LP{n; H)) a transposition 
solution to (1.8) if for any t G [0,r], vi{-) G L^{t,T;L'i{^};H)), V2{-) G Ll{t,T; Li{n; H)), r] G 
L^^(0;iJ) and the corresponding solution z G Cw{{t,T\\L'^{p,\H)) to the equation (1.11), it holds 
that 



On the other hand, to define the solution to (1.10) in the transposition sense, we need to 
introduce the following two (forward) stochastic evolution equations: 




(1.11) 



E(z(r),yr>^-E / {z{s), f{s,y{s),Y{s))) ^ds 



^rj,y{t))jj + E {v^{s),y{s))jjds + E {v2{s),Y{s)) j^ds. 




(1.12) 




dxi = {A + J)xids + uids + Kxidw(s) + vidw(s) 



in it,T] 



(1.13) 



and 



dx2 = {A + J)x2ds + U2ds + Kx2dw{s) + V2dw{s) 

X2it)=C2- 



in {t,T] 



(1.14) 



7 



Here 6,6 G Lj,^{^;H), ui,U2 G Ll{t,T;L^{9.;H)) and vi,V2 G Ll{t,T;L'^{rL;H)). Also, we need 
to introduce the solution space for (1.10). For this purpose, write 



Dv^^{%T]-L\^-C{H)) 

= [P{;-)\P{;-) e Cpd{Ll{{),T-L\^-H)), Ll{0,T;Ltin;H))), 
and for every t G 

G Z)r([t,r];Ll(^7;i7)) and l^. OCl^^^^,^^,^,!^,^^)^ < 



(1.15) 



and 



L|, „X0,r;L2(J7; £(//))) =£p,(L|(0,T;L4(J^;//)), 4(0, T; lI (Jl; i/))) . (1.16) 
We now define the transposition solution to (1.10) as follows: 

Definition 1.2 We call (P(-),Q(-)) G i?F,^([0, T]; ^^(J^; £(//))) x L| ^(0, T; L2(i^; £(//))) a trans- 
position solution to the equation (1-10) if for any t € [0,T], G Ljrj(J7; ii"), ui(-),U2(0 G 
Ll{t,T;L'^{n;H)) and vi{-),V2{-) G L|(t, T; L^(J^; iJ)), WcZs i/iai 

E(Prxi(r),X2(r))^ -E^ (F(s)xi(s),X2(s))^ds 

= E(P(t)6,6>^ + E / <P(s) ui(s),X2(s))^iis + E / (P(s)xi(s),U2(s))j:^<is 

+E / {Pis)K{s) xi{s),V2{s))^ds + E / (P(s)vi(s),if(s)x2(s) + W2(s))^<is 

+E / (Q(s)ui(s),a;2(s))^cis + E / {Q{s)xi{s),V2{s)) j^ds. 
Jt Jt 

Here, xi{-) and X2{-) solve (1.13) and (1.14), respectively. 

We shall derive the well-posedness of (1.8) in the sense of transposition solution, by the method 
developed in [18]. Here, we face to another difficulty in the study of (1.8), i.e., H is not separable in 
our case. On the other hand, it seems very difficult to establish the well-posedness of transposition 
solutions to the general equation (1.10), and therefore, in this paper we succeed in doing it only for 
a particular case. Because of this, instead, we introduce a weaker notion, i.e., relaxed transposition 
solution to (1.10) (See Definition 6.1 in Section 6). Nevertheless, it is still highly technical to derive 
the well-posedness result for (1.10) in the sense of relaxed transposition solution. To do this, we 
need to prove some weakly sequential compactness results in the spirit of the classical (sequential) 
Banach-Alaoglu theorem (also known as Alaoglu's theorem, e.g. [8]) but for uniformly bounded 
linear operators in Banach spaces. It seems that these sequential compactness results have some 
independent interest and may be applied in other places. Once the well-posedness for both (1.8) 
and (1.10), as well as some properties of the relaxed transposition solution to (1.10), arc established, 
we are able to derive the desired Pontryagin-type stochastic maximum principle for Problem (P). 

In this paper, in order to present the key idea in the simplest way, we do not pursue the 
full technical generality. Firstly, we consider only the simplest case of one dimensional standard 
Brownian motion (with respect to the time t). It would be interesting to extend the results in 
this paper to the case of colored (infinite dimensional) noise, or even with both time- and space- 
dependent noise. Secondly, we impose considerably strong regularity and boundedness assumptions 
on the nonlinearities appeared in the state equation (1.2) and the cost functional (1.4) (See (Al) and 
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(A2) in the above, (A3) in Section 8, and (A4) in Section 9). It would be quite interesting to study 
the same problem but with the minimal regularities and/or with unbounded controls. Thirdly, we 
consider neither state constraints nor partial observations in our optimal control problem. 

The rest of this paper is organized as follows. In Section 2, we present some preliminary 
results. Section 3 is addressed to the well-posedncss of the equation (1.8). In Section 4, wc study 
the well-posedness of the equation (1.10) under some additional assumptions. Section 5 provides 
some sequential Banach-Alaoglu-type theorems for uniformly bounded linear operators between 
Banach spaces. In Section 6, we establish the well-posedness of the equation (1.10) in the general 
case, while Section 7 provides further properties for solutions to this equation. Section 8 gives the 
Pontryagin-type necessary conditions for the optimal pair of Problem (P) under the condition that 
?7 is a convex subset in some Hilbert space. Finally, in Section 9, we establish the Pontryagin-type 
stochastic maximum principle for Problem (P) for the general control domain U. 



2 Preliminaries 

In this section, we present some preliminary results which will be used in the sequel. 

First, we recall the following Burkholder-Davis-Gundy inequality in infinite dimensions (See 
[16, Theorem 1.2.4], for example). 

Lemma 2.1 Let /(•) G L|(0, T;i7). Then for any a>0, we have that 

e( sup f f{s)dw{s)'') <Ce( r \fis)\jjdsY. (2.1) 

Next, for any given r G [l,oo], wc denote by C^f{{0,T);L'^{O,;H)) the set of all i7-valued rth 
power integrable F-adapted processes 4>{-) such that ^(•) : (0, T) — >■ U{Q,,FtiP'-,H) is an infinitely 
differentiable (vector- valued) function and has a compact support in (0, T) . We have the following 
result. 



Lemma 2.2 The space C^^{{id,T)-U\Q;H)) is dense in mO,T; L'' {Q.; H)) for any r £ [l,oo] 
and s G [1, oo). 

Proof: It suffices to show that for any given / G L^{0,T; {i},; H)) and each e > 0, there is a 
g G C^((0,T);L'"(O;i7)) such that \f — g\L^(o,T;L^(n;H)) < Since the set of simple processes is 
dense in L|(0, T; L'"(f2; iJ)), we can find an 

n 

fn = X]^[*i,*<+i)(*)^»' 
i=l 

where n e N, = ti < t2 < ■ ■ ■ < tn < in+i = T and Xi G Lt- (fi; H), such that 

1/ ~ fn\LI.(0,T;L^{n;H)} < 2" 

On the other hand, for each X[ti,ti+i)j we can find a gi e CQ°{ti,ti+i) such that 
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Write g = ^gi{t)xi. Then, it is clear that g £ C^f{{^,T);U{Vt-H)). Moreover, 



1=1 



1/ — 9\mo,T;L-^{Q.-H)) < 1/ " fn\L^{Q,T-L-r{Q.-H)) + \ fn — 9\l^{0,T-L^{Q.-H)) 

n 

< 9 + \X[ti,U+i)^i - 9iXi\L^{0,T;Lr{n;H)) < £■ 



i=l 



This completes the proof of Lemma 2.2. 



Fix any ti and t2 satisfying <t2 < h < T, we recall the following known Riesz-type Repre- 
sentation Theorem (See [17, Corollary 2.3 and Remark 2.4]). 

Lemma 2.3 Assume that Y is a reflexive Banach space. Then, for any r, s G [1, oo), it holds that 

{LUt2,ti;L%n; Y))r = L^f{t2,tr,L''{Q; ¥*)), 

where s' = s/{s — 1) if s ^ 1; s' = oo if s = 1; and r' = r/{r — 1) if r ^ 1; r' = oo if r = 1. 

Several more lemmas are in order. 

Lemma 2.4 Let q > 2. For any {vi{-) , V2{-) , v) G Ll{t,T-L'i{VL-H)) x Lj{t,T; L''{Q- H)) x 
Ljr^{Q,;H), the mild solution z{-) G C¥{[t,T]; L'i{Q,; H)) of the equation (1.11), given by 

z{-) = S{--t)rj+ f S{- - a)vi{a)da + f S{- - a)v2{a)dw{a), (2.2) 
Jt Jt 



satisfies 



\z{-)\cf{[t,T];LHn;H)) 
< C'|(^^l(-)>^2(-)j^)Ll(j,T;L9(a;i/))xL|(t,T;L9(n;//))xL3, (a;i/) ' ^ t^'^]- 



Proof: By (2.2), it is easy to see that z{-) G Cr{[t,T]; Li{n; H)). Also, by Lemma 2.1 and 
Minkowski's inequality, we have that 



<CiE 



S{s-t)r)+ I S{s - a)vi{a)da + j S{s - a)v2{cr)dw{a] 
Jt Jt 



< C |e 5(s - t)?? ^ + E S{s - a)vi{a)da ^ + ^ ^ S{s- a)v2{a) \a ' | 
<c|E|r/|^+E[^ \vi{a)\jjday + E^J^ \v2{a)\1jd 



E 


v\ 


E 


v\ 



which gives (2.3). 

Lemma 2.5 Assume that p G (l,oo], q = 



^ if pGil,oo), 



fi G LP{(},T;L'^{n;H)) and 



^1 if p = oo, 

/2 € Lf{0,T;L'^{^l]H)). Then there exists a monotonia sequence {hn}^=i of positive numbers such 
that lim hn = 0, and 

n— >-oo 

lim — / E(/i(i),/2(T))i/dr = E(/i(i),/2(i))H, a.e. tG[0,r]. (2.4) 

n-s-oo hn Jt 
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Proof: Write 



/2 = 



/2, iG[o,r], 
0, te(T,2r]. 



Obviously, /a € Ll{0,2T-L'^{n-H)) and 



l/2|L^(0,2T;L2(Q;if)) " l/2l4(0,r;L2(n;if)) " \h\Ll{0,T;L'^{Q.-H)y 

By Lemma 2.2, for any e > 0, one can find an G Cf([0, 2T]; L^(r2; H)) such that 

1/2 - /2 lL«(0,2r;L2(Q;//)) < 

By the uniform continuity of /2 (•) in L^(r2; H), one can find a ^ = (5(e) > such that 

1/2 (si) - /2 (s2)|L2,^(n;i/) < V Si, S2 € [0, 2r] Satisfying |si - S2I < 5. 

By means of (2.6), for each h < S, we have 
I rt+h 



T 



hjt 



dt 



II I nMt)J^{r)-fl{t))HdT 



dt 



T ft+h 



< 



1 

fT i-t+h 



l/lWlL^^(0;^/)l/2°(r)-/2°(t)|^2 



{n;H) 



drdt 



It \f''^^^\Ll^^VL-H)dTdt = £ l/l(OlL^^(n;i?)f^* < C'£|/l|L^(0,T;L2(n;i/))- 

Owing to (2.5), we find that 

''^ |E(/i(t),/2(t))H -E(/i(t),/°(t))jf| dt 

< \fl\Ll{Q,T;L-^{U;H))\h " /2 lL^(0,2r;L2(Q;H)) < ^l/l lL^(0,r;L2(Q;i/)) • 

Further, utiUzing (2.5) again, we see that 

rT 1 rt+h 1 rt+h 



pi 1 pt+n 1 pt+n 

-j^ E{hit),f2iT))HdT--J^ E{Mt),fliT))HdT 



dt 



t+h 



E{h{t),f2ir)-fl{T))HdT 



dt 



^ pT pt+h 

^ I I \hit)\L%^in-H)\f2ir) - f^{r)\L^^^^n-H)drdt 



< 



< 



pT p-t+h 
l/l|L^(0,r;L2(Q;H)) 



\hit)\l2^^i^.H)'^Tdt 



1/p 



T rt+h 




\h{r)-fl{T)\l, drdt 



IJo Jt 



T rh 



1/9 



1/9 



m+r)-m+r)\i, 

/o ^0 



- I/iIl^(0,T;L2(Q;H)) 
< \fl\L^{0,T;L^n;H)) 



h rT+T 




10 Jt 
rh rT 



- 1/9 
1/9 
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, , , \f2(t) - f2{t)\% ^^.H)dtdT < e\fl\LP^o,T;L^n-H)y 

Jo Jo > / J 



From (2.7), (2.8) and (2.9), we conclude that 

-J^ E{h{t),h{T))HdT-E{h{t),f2{t))H 

Therefore, 



dt < C'£|/i|^P(o,T;L2(Q;H))- 



lim 



h 



t+h 



E(/i(t), f2{r))Hdr - E(/i(t), ^(t))^^ 



dt = 0. 



This imphes that there exists a monotonic sequence {/injS^i of positive numbers with lim hn = 0, 

n— >oo 

such that 

1 rt+hn 

lim — / E{h{t),f2{T))HdT = E{h{t),}2{t))H, a.e. iG[0,T]. 

n->oo hn Jt 

By this and the definition of /2(-)) we conclude that 

1 rt+hn 1 rt+hn 

lim — / E(/i(t), f2{T))HdT = lim — / E(/i(0, /2(T)),^dT = E(/i(t), ^(t))^ 

= E(/i(t),/2(t))i/, a.e. te[0,T]. 

This completes the proof of Lemma 2.5. □ 

Lemma 2.6 For eac/i t G [0, T], i/ie following three conclusions hold: 

i) If U2 = V2 = in the equation (1.14), then there exists an operator U{-,t) G L{L'jr^{Q.;H), 
Cw{[t,T]-L*{Vt]H))) such that the solution to (1.14) can he represented as X2{-) = U{-,t)^2- Further, 
for any t G [0, T), ^ G Lj-^(f2; H) and £ > 0, there is a 6 E {0,T — t) such that for any s E [t,t + 6], 
it holds that 

\U{; t)C - U{;s)C\L^(^,^T;LHn;H)) < £■ (2.10) 

a) If ^2 = and V2 = in the equation (1-14), then there exists an operator V{-,t) G 
C{Lj{t,T;L^{n;H)), Cw{[t,T]; L^{9,; H))) such that the solution to (1.14) can be represented as 

X2{-) = V{-,t)u2. 

Hi) // ^2 = and U2 = in the equation (1.14), then there exists an operator W{-,t) G 
jO[Lf(t,T;L'^{^l;H)), C^{[t,T]; L^{Q; H))) such that the solution to (1.14) can be represented as 

X2{-) = W{;t)v2. 

Proof: We prove only the first conclusion. Define U{-,t) as follows: 

f Ui;t): L%{n-H)^Cfi[t,T];L\n;H)), 
\ U{s,t)^2 = X2{s), VsG [t,T], 

where X2{-) is the mild solution to (1.14) with M2 = '^2 = 0. 

By Lemma 2.1 and Holder's inequality, and noting J, K G L^(0,T; L°° {^l; C{H))), we obtain 
that 

E|a;2(s)||/ = E5(s-t)<^2+ / S{s - a)J{a)x2{a)da + f S{s - a)K{a)x2{a)dw{a) 



H 



< C|E 

+ E 

< C 



|e S{s - t)C2 ^ + E jj" S{s - a)J{a)x2{a)da 



\S{s - a)K{a)x2{a] 



2 




da 




H J 





A^H + /(k(^)lt=o(^^^(^)) + |i^(^)Hoc(a;r(H)))E|^2(a)|ida], V5G [t,r]. 
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This, together with Gronwall's inequahty, impHes that 

\x2is)\cr{[t,T]-Xi{n;H)) < C'|^2|L4.^(n;fl)- 

Hence, U{-,t) is a bounded Unear operator from Lj^^{0,;H) to Cw{[t,T]; L^{^; H)) and U{-,t)$,2 
solves the equation (1.14) with U2 = V2 = 0. 

On the other hand, from the definition of U{-,t) and U{-, s), for each r G [s, T], we see that 

U{r,t)^ = S{r-t)^+ r S{r-T)J{T)U{T,t)^dT+ f S{r-T)K{T)U{T,t)idw, 
Jt Jt 

/•r rr 

U{r,s)i = S{r - s)^+ / S{r - T)J{T)U{T,s)^dT + / S{r - T)K{T)U{T,s)idw. 

J s J s 



and 



Hence, 



nU{r,s)^-U{rM\% 



< CE 
+CE 
+CE 

< CE 

+C 



S{r - s)e - Sir - t)^ 



H 



+ CE 



Sir - r) J(r) [i7(r, s)^ - ^/(r, t)^] ds 



+ 



H 



[ Sir - r)K(r) [?7(r, s)^ - ?7(r, du; + CE / 5(r - r) J(r)C/(r, t)^^ 



5(s-r)is:(r)?7(r,t)^du; 



Sir -s)^- Sir -t)^ 

4 



< c 



+C[ (|J(r)| 
(k(-)l 



L°°(a;£(H)) + |-^(''")L°°(n;£(/f)) 



E 



UiT,s)^-UiT,t)^ 



dr 



H 



y\uiT,t)C 



dT 



H 



Loo{n;C{H)) 



+ l^(^)lio.(^;£(^)))E|c/(r,.X - Uir,t)C 



dT 



H 



+CE 



Sir - s)^ - Sir - + Cf^ {\Jir)\\^in;CiH)) + 



Then, by Gronwall's inequality, we find that 



E 



4 r n 

C/(r, s)^ - C/(r, t)^ <C hir,s,t)+ hia,s,t)da 

HI Jg 



where 

/i(r, s,t) =E Sir - s)^ - 5(r - t)^ 
Further, it is easy to see that 



H 



+ 



+ |K(r)| 



L-(f2;£(H)) 



^-Sis-t)C<C\^\%. 

£1 

By Lebesgue's dominated convergence theorem, we have 



lim E 



^-sis-t)i 
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H 



Hence, there is a 5 G (0, T — i) such that (2.10) holds for any s G [t,t + (5]. This completes the proof 
of Lemma 2.6. □ 

For any t G [0, T"] and A G p(^), consider the following two forward stochastic differential 
equations: 

J dx^ = {Ax + J)x\ds + uids + Kx\dw{s) + vidw{s) in (t, T], 



and 



= {Ax + J)x2ds + U2ds + ii:x2du;(s) + V2dw{s) in (t, T], 
= 6- 



(2.12) 



Here (a, ui, vi) {resp. (^2, ?^2, ^2)) is the same as that in (1.13) {resp. (1.14)). We have the following 
result: 



Lemma 2.7 The solutions of (2.11) and (2.12) satisfy 

lim x^{-)=xi{-) inCw{[t,T];L^{n;H)), 

A— ^-oo 

lim x^{-) = X2{-) inCr{[t,T];L'^{n;H)). 

A— >oo 

Here xi{ ) and X2{ ) are solutions of (1.13) and (1.14), respectively. 
Proof: Clearly, for any s G \t,T], it holds that 

nx^{s)-x\{s)\% 



(2.13) 



E 



S{s-t)-Sx{s-t) 



6 + 



S{s — a)J{cj)x\{a) — Sx{s — a)J{a)x\{a) 



da 



+ / S{s-a)- Sx{s - a) ui{a)da + / S{s- a)K{a)xi{a) - Sx{s - a)K{a)x^{a) dw{a) 



+ 



S{s — a) — Sx{s — (t) vi{a)dw{a] 



Since ^4^ is the Yosida approximation of A, one can find a positive constant C = C {A, T) , inde- 
pendent of A, such that 

\Sx{-)\L^(o,T-ciH))<C. (2.14) 

Hence, 



E 



< CE 



< CE 



S{s - a)J{a)xi{a) - Sx{s - a)J{a)x\{a) 



da 



H 



S{s — a) — Sx{s — a) J{a)xi{a) 



da + CE 

H Jt 

4 rs 



Sx{s-a)J{a)[xi{a)-x\{a) 



da 



H 



S{s - a) - Sx{s - a) J{a)xi{a)da + CE / \j{a)\ 

" Jt 



\xi{a) - x\{a)\^jjda. 



It follows from Lemma 2.1 that 



E 

< CE 

< CE 



S{s - a)K{a)xi{a) - Sx{s - a)K{a)x\{a) dw{a] 



H 



S{s — a) — Sx{s — a) K{a)xi{a) 



da + CW. 



Sx{s - a)K{a)[xi{a) - x\{a)\ 



da 



^ I [S{s -a)- Sx{s - a)\K{a)xi{a)^^da + l^(<^)llco(f2;£(,/)) hi(<^) - 4{(^)\%da. 
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Hence, for t < s <T, 

E\xi{s) - x^{s)\% < A(A, s) + CE^' {W\U(n;CiH)) + \^(^)\U(n;CiH))) l^^^^) " 



Here 



A(A,s) = CE S{s-t)- Sxis-t) ^ +CE / S{s - a) - Sxis - a) ui{a)da 



\H 



H 



+CE 
+CE 
+CE 



da 



S{s-a)- Sxis - a) vi{a) 
J S{s — a) — Sx{s — a) J(a)xi(a)da 



S{s -a)- Sxis - a) K{a)xi{a) 



da. 



H 



By Gronwall's inequality, it follows that 

E|xi(s) < A(A,s) + C e^("-^)A(A,r)dr, t<s<T. 
Since Ax is the Yosida approximation of A, we see that lim A(A, s) = 0, which implies that 

A— >-oo 

i™o ^^^^'^ ~ ^l(')lcF([t,T]:L4(n;/f)) = 0- 

This leads to the first equality in (2.13). The second equality in (2.13) can be proved similarly. 
This completes the proof of Lemma 2.7. □ 

Lemma 2.8 Let H be a separable Hilbert space. Then, for any r > 1, ^ G U-p^ (O; H) and t G [0, T), 
it holds that 



lim 



|E(e|J-.)-E(e|J-i)|^^^(^.^) = 0. 



(2.15) 



Proof: Assume that ^ = ^^jCj, where {cj}^]^ is an orthonormal basis of H. It is easy to see 



that 



i=l 



<oo. 

Hence, for any e > 0, there exists a A/" > such that ^ ICiPj < ^f' Obviously, E(^ | Ft) = 

i=N+l 

oo 

I Ft)ei for any t e [0,r). By 

oo /(J 

i=Ar+i 

oo 

<e(| yi ^i^i 



oo 

XI ^i^i -Fi) 



=A?"+1 



i=N+l 
oo 



i=N+l 



r/2 



Ft), a.s.. 
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we see that 

i=N+l i=N+l 

On the other hand, since {]E(^j | J-'t)}^^^^ is an i7- valued {J-t}tg[o,r]-niartingale for each i G N, we 
conclude that there is an iJ-valued cadlag process {a^i(*)}t£[o r] s^*^^ ^^^^ Xi{t) = E(^j | Tt), -P-a.s. 
Now, for each i e {1,2, - ■ ■ , N}, by the fact that the family {E(^j | J-'t)}t£[o,T] is uniformly rth power 

integrable, we can find aS > such that for any t < s < t+6, it holds that K\xi{t) — Xi{s)\''^' < ^^jsjr ' 
Therefore, for any t < s < t + S, it holds that 



r -\l/r 



< 



^ I ] + [e( ^ |Ete I ] + ^ (E|x,(i) - x,(s)r) 



E 

i=N+l " " i=N+l " 1=1 

<£, 

which completes the proof. □ 

Lemma 2.9 Assume that Hi is a Hilbert space, and U is a nonempty subset of Hi. If F{-) G 
Ll{0,T;Hi) andu{-) & U[Q,T] such that 

RbeJ {F{t,-),u{t,-) -u{t,-))jj^dt<0, (2.16) 

holds for any u{-) G U[0,T] satisfying u{-) — u{-) G Lp(0, T; L^(J7; i?i)), then, for any point uEU, 
the following pointwise inequality holds: 

Re {F{t, oj),u- u{t, < 0, a.e. {t, cj) G [0, T] x n. (2.17) 

Proof: Wc use the contradiction argument. Suppose that the inequality (2.17) did not hold. 
Then, there would exist a uq & U and an £ > such that 



A 



/ / XAsit,^)dtdP > 0, 
Jci Jo 



where = |(t,w) G [0,r] x $7 Re(^F{t,uj),uo — u{t,co))^^ > e^, and xa^ is the characteristic 

function of A^. For any m G N, define A^^^n = Ag n {(t,c<j) G [0,T] x | \u(t,uj)\Hi < m]. It is 
clear that lim A^ ^ = A^. Hence, there is an G N such that 

/ / XA,Jt,cj)dtdP>^>0, \/m>m,. 
Jn Jo ^ 

Since (F(-),'Uo — ^i'))Hi '^^ {^t}-adapted, so is the process XA^rni')- Define 

Ue,m{t,u}) = uoXA^,^(t,a;) + n(i,a;)xA^^(t,w), {t,uj) G [0,r] x n. 



16 



Noting that |n(-)|H^ < m on Ag^m, we see that Ue,m,i-) € W[0,r] and satisfies Ue,m{-) — u{-) € 
Ll(0,T-H). Hence, for any m > m^, we obtain that 



ReE / {F{t),Ue,mit)-u{t)) dt = [ [ XAe,^{t,uj)Re{F{t,io),uo-u{t,io))„dtdP 
Jo JaJo 

>^ [ I XAe,m{t,^)dtdP 

Jn Jo 

which contradicts (2.16). This completes the proof of Lemma 2.9. □ 

3 Well-posedness of the vector-valued BSEEs 

This section is devoted to proving the following result. 

Theorem 3.1 For any p G (1,2], yr G L^^(0;if), /(•, ■,■) ■.[Q,T]x H x H ^ H satisfying (1.9), 
the equation (1.8) admits one and only one transposition solution (y(-),y(-)) G D¥{{Q,T\,LP{Q,\ 
H)) X Ll{0,T;LP{n;H)). Furthermore, 

Dr(Xt,T];LP{n:H))xLl{t,T;LP(n:H)) 
< C [\f{;0,0)\mt,T;LP(n;H)) + \yT\L^^^(n;H)] , G [0,r]. ^^'^^ 

Proof: We borrow some ideas from the proof of [18, Theorem 3.1]. The proof is divided into 

five steps. In the first four steps, we study (1.8) for a special case, in which /(•, •, •) is independent 
of y and Y. More precisely, for any yx G L^^{il;H) and /(•) G L^(0, T; L^'(0; if)), we consider 
first the following equation: 

f dy{t) = -A*y{t)dt + f{t)dt + Y{t)dw{t) in [0, T), 

1 y{T) = yT. 

In the last step, we deal with (1.8) for the general case by the fixed point technique. 

Step 1. For any t G [0, T], we define a linear functional i (depending on t) on the Banach space 
Ll{t,T-Li{yL-H)) X Ll{t,T;Li{n;H)) x L%^{rL-H) as follows (Recall that q = ^): 



l{v^{-)M-),ri) = ^z{T),yT)jj-¥. {z{s),f{s))^ds, 

V {v,{-),V2{-),v) e L\{t,T-L'i{n-H)) X LUt,T;Li{n;H)) x L%{n;H), 

where z(-) G Cv{[t,T]; L'^ (ft; H)) solves the equation (1.11). 

By means of the Holder inequality and Lemma 2.4, it is easy to show that 

K^^l(-),^^2(-),^)| 

< \^iT)\L''^^(n-H)\yT\LP,^(n;H) + \^i-)\Cvi[t,T];L'i{n;H))\f\L^{t,T;LP{n;H)) 



(3.3) 



< C 



\fi-)\Ll{t,T;LPiQ;H)) + l2/T|LP.^(f2;i?) 
X \ {'"l{-)''"2{-),v)\Li^t,T-,L'i(n-,H))xL^{t,T-,L'!{n-,H))xL^j, (n;H) ' ^ P'^]' 



(3.4) 



17 



where the positive constant C = C{T,A) is independent of t. From (3.4), it follows that ^ is a 
bounded linear functional on L,^(t, T; L«(17; H)) x T; L9(r2; H)) x i/). By Lemma 2.3, 

there exist y\-) G Lf{t,T]LP{Q.;H)), Y\-) G Ll{t,T-U'{^l-H)) and eL^jr^{^;H) such that 

= E J"" {viiT),y\T))^dT + E {v2{T),Y\T))^dT + E{n,e)H- (3-5) 



It is clear that = yr- Furthermore, there is a positive constant C = C{T,A), independent of t, 
such that 

Lf {t,T;LP {n;H))xq {t,T-LP {n-H))x L^^ {n;H) 
\fi-)\LUt,T;Lr'(n;H)) + I^tIl^ ^^-H)] , G [0,r]. (3.6) 



< c 



Step 2. Note that the function (y*(-), y*(-)) obtained in Step 1 may depend on t. In this step, 
we show the time consistency of (y*(-), y*(-)), that is, for any ti and t2 satisfying < t2 < ti < T, 
it holds that 

(y*2(r,a;),y*^(T,a;)) = [y'^ {t,cj),Y'^ iT,u;)) , a.e. (r,a;) G [ti,T] x i^. (3.7) 

Since the solution z{-) of (1.11) depends on t, we also denote it by z^{-) whenever there 

exists a possible confusion. To show (3.7), we fix arbitrarily g{-) G Lf{ti,T;L'^{Q;H)) and 
?(•) G Lj{ti,T;Li{n;H)), and choose first t = h, r] = 0, vi{-) = q{-) and V2{-) = in (1.11). 
From (3.5), we obtain that 



L{z'^ {T),yT)jj - E r {z'^ (r), /(r)>^dr 
rT rT 



j-T 

E( 

(3.8) 

E r (e(r),y*Hr)>^dr + E <,(r), y*Hr)>^dr. 



Then, choose t = ig, ?? = 0, ■ui(t,a;) = X[ti,T](0£'(*>^) and ■U2(i,t^) = X[u,T]{t)^{t,'^) in (1-11). It is 
clear that 

\ 0, t G [t2,ti). 

From the equality (3.5), it follows that 



E<z*^ (T), yT>^ - E r (z*^ (r), /(r)>^dr 

■E r {e{T),y'\T))^dT + E f {,{T),Y'\T))^dT. 
Jt\ Jti 



(3.9) 



iti Jti 
Combining (3.8) and (3.9), we obtain that 
rT 



e[ (^(r),j/*Hr)-y*Hr))^dr + E / {c^{T),Y'^{r) - Y'^t)) ^dr = 0, 
Jti Jti 

V ^(0 G 4iti,T; L^(0; H)), <?(•) G L|(ii, T; L^(0; H)). 

18 



This yields the desired equahty (3.7). 
Put 

y{t, w) = y°{t, w), Y{t, uj) = y°(i, w), V {t, w) G [0, T] x Q. 
From (3.7), it follows that 

{y\T,io),Y\T,u;)) = (y(r,a;),F(r,w)), a.e. {t,uj) G [t,T] x J^. 

Combining (3.5) and (3.11), we end up with 

= e/ {zir),f{T))^dT + E [ {viir),yir))^dr + E [ (t;2(r), y(r)>^cir, 
Jt Jt Jt 

V (i;i(-),^2(-),^) e LUt,T;Li{n;H)) x Ll{t,T-L^(Sl-H)) x L%^(Sl-H). 

Step 3. We show in this step that ^* has a cadlag modification. 
First of all, we claim that, for each t G [0,r], 



(3.10) 
(3.11) 



(3.12) 



E 



{S*{T - t)yT - S\s - t)f{s)ds I Ft) = i\ 



-a.s. 



(3.13) 



To prove this, we note that for any rj G Lj-^(f2; iJ), vi = Q and V2 = 0, the corresponding solution 
to (1.11) is given by z{s) = S{s — t)rf for s G [t,T]. Hence, by (3.12), we obtain that 

E{S{T - t)rj, yT)H - E(r?, =^ {S{s - t)rj, /(s))^ds. (3.14) 



Noting that 



and 



E 



E{S{T - t)r], yT)^ = ^V, S* (T - i)yr>^ = E{r], E{S* (T - t)yT \ F)) h 



{S{s - t)v, f{s))j^ds = e(77, £ S*is - t)fis)ds)^ = E(r?, e( S*{s - t)f{s)ds | Ft) 



by (3.14), we conclude that 



E 



V,E(^S*{T-t)yT- J^^ S*{s-t)f{s)ds\Ft)-e)^ = 0, ^ ri e L%{n; H) . (3.15) 



Clearly, (3.13) follows from (3.15) immediately. 

In the rest of this step, we show that the process 



E 



(s*iT-t)yT- r S*{s-t)f{s)ds Ft)] 

^ -Jt ^ ) te[o,T] 



has a cadlag modification. Unlike the case that i7 is a finite dimensional space, the proof of this 
fact (in the infinite dimensional space) is quite technical. 

Noting that H is not assumed to be separable (in this section), we are going to construct a 
separable subspace of H as our working space. For this purpose, noting that the set of simple 
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functions is dense in L^^{^1; H), we conclude that there exists a sequence {y"^}m=i 
satisfying the following two conditions: 



N„ 



1) y"" = a^xnm(a;), where NmeN,af eH and G Tt with {J^^jj^ri to be a partition 

fe=i 

of Q ; and 

Likewise, since the set of simple adapted processes is dense in Lp(0; L^(0, T; iJ)), there exists a 
sequence 

{/"'}m=i C Ll{0,T;U'{n;H)) satisfying the following two conditions: 

i) r = T.12<kXn-,iu^)X[tf,tf^,){t), where G N, M- G N, a- G H, G J"*^-. with 
j=i k=i 

{^]^k}k=i being a partition of and = t?," < • • • < < tf^^^ = T; and 



m 



Denote by H the set of all the above elements a™ (k = 1,2, ••• ,Nm', m = 1, 2, • • • ) and a 

(A; = 1, 2, ... , Mj"; j = 1, 2, • • • , L^; m = 1, 2, • • • ) in i/, and by H the closure of span H under the 

topology of H. Clearly, is a separable closed subspace of i7, and hence, H itself is also a Hilbert 
space. 

Recall that for any A G p(^), the bounded operator Ax (resp. A^) generates a Co-group 
{'S'A(0}teM (resp. {5'^(i)}teiR) on H. 
For each m G N and i G [0, T], put 



and 



^i,^ ^ E(5l(r - - Slis - t)r{s)ds 

Jo 



(3.16) 



(3.17) 



We claim that {X™(t)} is an iJ-valued {J"t}-martingale. In fact, for any ti,T2 G [0, T\ with ri < T2, 
by (3.16) and (3.17), it follows that 



(sKr)y--^'^5K.)r(.)ci5|^n) 
= Sl{n)E[s{{T-n)y"^- £ Si{s-n)ris)ds | ^,,) - £ S*xis)ris)ds 



(3.18) 



^A(ri)C„ 



5Ks)r(s)d. 



= X£^(ti), P-a.s., 
as desired. 
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Now, since {X^{t)}o<t<T is an ii"- valued F-martingale, it enjoys a cadlag modification, and 
hence so does the following process 



{^i,m}o<t<T = \ Sl{-t) 



Jo 



0<t<T 



Here we have used the fact that {5^(f)}te]R is a Co-group on H. We still use {^\rn}o<t<T to stand 
for its cadlag modification. 

Prom (3.13) and (3.16), it follows that 

Imi lim If - Cx,m\L^{0,T-LP{Q-H)) 



lim lim 



E 



{s*{T-.))yT- j S*{s--))f{s)ds\F) 



-e[sI{T - .))y-^ - J Sl{s--)r{s)ds 
S*{T-.)yT-Sl{T-.)y 



L^{0,T;LP(n;H)) 



(3.19) 



< lim lim 



+ lim lim 

m— >oo A— >-oo 



L^{0,T;LP{Q-H)) 

S*{s--)f{s)ds- I Sl{s--)r{s)ds 



L^{0,T;LP{Q;H)) 

Let us prove the right hand side of (3.19) equals zero. First, we prove 



lim lim 

m-^oo A->-oo 



S*(T-.)yT-SliT-.)f' 



Lf(Q,T;Lv(a;H)) 



= 0. 



(3.20) 



Since {'S'(t)}t>o is a Co-semigroup, for any £ > 0, there is an M > such that for any m > M, it 
holds that ^ 

\S*{T - ■)yT - S*{T - ■)y"'\LIP{0,T;LP{^i;H)) < 7^- 



On the other hand, by the property of Yosida approximations, we deduce that for any a E H, it 
holds that lim \S*{T--)a- 

X—^oo 

for any A > A, it holds that 



holds that lim \S*(T - ■)a - Sl(T - •)a|L«>(o,T;if) = 0. Thus, there is a A = A(m) > such that 



\S*iT - ■)aT - SliT - >riL-(o,T;H) < = 1, 2, • • • , iV^, 



which implies that 



N„ 



k=l 



Therefore, for each m > M, there is a A = A(m) such that when A > A(m), it holds that 



LS^{0,T;LP{n;H)) 



S*{T- 


■)yT 


< \S*{T- 


■)yT 


£ e 
<2 + 2 = 


£. 



This gives (3.20). 
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Further, we show that 



hm hm 

m->-oo A— ^oo 



S*{s - ■)f{s)ds - Slis - ■)r{s)ds 



L^{0,T;LP{n;H)) 



0. (3.21) 



For any £ > 0, there is a M* > such that for any m > M*, 
S*{s - ■)fis)ds - S*{s - ■)r{s)ds 



e 

< -. 

L^{0,T;LP{n;H)) 2 



By the property of Yosida approximations again, we know that for any a G , it holds that 

rT pT 



hm 

A— >-oo 



j S*{s- ■)ads- j Sl{s--)ads 



= 0. 



Thus, there is a A* = A*(m) > such that for any A > A*, 



j S*{s--)a^,ds- 1 Sl{s--)a]^^ 



^,ds 



< 



L-> io,T;H) 2Jm max(Mf , , M^^ ) ' 

j = l,2,--. ,L^; k = l,2,--- ,Mf. 



This imphes that 



1 1^ s*{s - ■)ris)ds - slis - ■)r{s)d 



j=i k=i 

Therefore, for any m > M* and A > A* = A*(m), we have 
rT rT 



L^{0,T;LP{^1;H)) 



e 

L'=°{0,T;H) 2' 



< 



I S*{s--)f{s)ds- 1 Sl{s--)r{s)d, 
S*is - ■)fis)ds - S*is - ■)ris)di 



L^iO,T;LP{n;H)) 



L^{0,T;LP{n;H)) 



^ s*{s- ■)ris)ds - r slis - ■)ris)ds 



L^{Q,T-LP(a-H)) 



£ £ 

<2 + 2=^- 



This gives (3.21). 

By (3.19), (3.20) and (3.21), we obtain that hm hm — Ca mU°°(o,T;Lp(f2;if)) = 0. Recalhng 
that C3km ^ D^{^^T]\LP{Q.;H)), we deduce that ^' enjoys a cadlag modification. 
Step 4. In this step, we show that, for a.e. t G [0, T], 

e = y{t), P-a.s. (3.22) 

Wc consider first the case that p = 2 and fix any 7 € Ljr^ {Q,;H). Choosing t = t2, vi{-) = 0, 
^2(0 = and T] = {ti — t2)j in (1.11), utilizing (3.12), we obtain that 

E{S{T - t2){h - t2h, yT)H - E<(ii - i2)7, e*')^^ = ^ T {S{t - t2){ti - t2h, f{T))^dT. (3.23) 
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Choosing t = t2, vi{t,uj) = X[t2,ti]('7")7('^)) V2{-) = and = in (1.11), utilizing (3.12) again, we 
find that 



= E /*V r S{t - s)jds, fir)) dT + E f' (s{t - h) r S{h - s^ds, /(r)) dr (3.24) 
Jt2 Wta ' ^ Jti ^ Jt2 ' ^ 



+E / {j,y{T))HdT. 
Prom (3.23) and (3.24), we find 

= / ' ^ ^ ^' yir))Hdr+E{S{T - t2h, yT)jj- :^^{ [ S{T - r)x[t„t,] {rhdr, yr) ^ 

-E fiSir - t2h, f{T))HdT + -^E r ( r S{t - s)^, fir)) dr 
^E / (5(t - ii) / ' Sih - s)jds, fir)) dr. 



t2 '-l ~ ''2 Jt2 ' Jt2 

tl - V2 Jti ^ Jt2 

(3.25) 

Now we analyze the terms in the right hand side of (3.25) one by one. First, it is easy to show that 
— - — E / 

tl->t2+0 tl - t2 Jt2 ^ Jt2 

Further, 



t2 

*i ^ (3.27) 



= lim — ^- — e/ [' S(T-T)^dT,yT) 
ti^t2+0ti-t2 \Jt2 ^' /h 

= E{SiT-t2h,yT)H- 
Utilizing the semigroup property of {S{t)}t>o, we have 

lim -^E r (s{T-h) r S{h-s)jds,f{r)) dr = E T {S{t -12)7, fir)) ^dr. (3.28) 

tl^t2+0tl-t2 Jti \ Jt2 ' H Jt2 

From (3.25), (3.26), (3.27) and (3.28), we arrive at 

lim rE{^,y{T))HdT = E{^,e')H, 1 e L%{^; H) , i2 € [0,r). (3.29) 



't2 

Now, by (3.29), we conclude that, for a.e. t2 & (0, T") 

/' 

ti^i2+0 tl - t2 



lim -1- r E{e' - y{t2U{T))^dT = E{e' - y{t2U'') (3-30) 

-i-t2+U ll — I2 Jt2 

By Lemma 2.5, we can find a monotonic sequence j/in}?^, of positive numbers with lim /i„ = 0, 

n— >-oo 

such that 

1 rt2+hn 

lim — / E(C*^ - y{t2),y{r))HdT = E(C*^ -y(t2), y(t2))i/, a.e. t2 € [0, T). (3.31) 

tin Jt2 
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By (3.30)-(3.31), we arrive at 

m'' - y{t2),e^)H = m'' - y{t2),y{t2))H, a.e. t2 e [o,r]. (3.32) 

By (3.32), we find that E|^*2 _y(^2)|5^ = for e [0,T] a.e., which impUes (3.22) for p = 2 
immediately. 

When p e (1,2], we choose {y^}^! C L%^{n;H) and {fn}n=i ^ m'^,T; L^{n; H)) such that 

hm y^ = yTmLPin;H), 

hm U = fmLl{0,T;I/{n;H)). 
n—^oo 

We replace ?/t (resp. /) by (resp. /„) in the definition of the functional £ (See (3.3)) and denote 
by (yn('))^(')'Cn) corresponding triple satisfying (3.12). By the definition of (j/(-), y(-), ^*) 
and {yn{-),yn{-),l^i), it is easy to see that (y(-) - yn{-),Y{-) - Yn{-)), n = 1,2, satisfy the 
following: 

E{z{T),yT-y^)„-E{n,e-en)H 

f-T cT 

E 



Hence, 



/ {z{r),f{T)-Ur))^dT + E [ {v,{T),y{T)-yn{T))^dT 
Jt Jt 

+eJ {v2iT),YiT)-Y^iT))^dT, 

V {vi{-),V2{-),v) e L\{t,T-L<i{Q-H)) X 4{t,T;Li{n;H)) x L%{n-H). 

- yn(-)|L^(0,T;LP{Q;H)) + - CnlL^^^(n;H) 



(3.34) 



< C'd/ - fn\Ll(o^T;LP(n;H)) + " 2/? I ^ (H;//)) • 

Here the constant C is independent of n. From the above inequality, we conclude 

lim yn{-) = y{-) in L|P(0, T; (Q; if)) and lim = in L^i^; H). 

r — ^ciCi n. — ^na ^ 



(3.35) 



Therefore, 

\y{t) - (n;H) < lip \yn{t) - ^Ul'l (n;H) < 1™ \yn{t) - ^UlI (n;H) = 0> a.e. t e [0, T], 

which implies (3.22) immediately. 

Finally, by (3.22) and recalling that ^ has a cadlag modification, we see that there is a cadlag H- 

valued process {?/(^)}te[o,T] such that y(-) = y(-) in [0, T] x 17 a.e. It is easy to check that (y(-), y(-)) 
is a transposition solution to the equation (3.2). To simplify the notation, wc still use y (instead 
of y) to denote the first component of the solution. Clearly, (y(-),F(-)) G Dp ( [0, T]; 1^^(17; if)) x 
L|(0,r;i7(J7;iJ)) satisfies that 

l(y(');^('))lL^(t,T;LP(n;_H'))xL|(t,T;LP(fi;J/)) 

l/(-)lLi(t,r;Lf(n;if)) + I^tIl^ (n;i/) , ViG[0,r]. (3.36) 



< C 



Also, the uniqueness of the transposition solution to (3.2) is obvious. 

Step 5. In this step, we consider the equation (1.8) for the general case. 
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Fix any T, G [0,T]. For any G D^{[Ti,T]; LP{n; H)) x Ll{T^,T-U>{^-H)), we 

consider the following equation: 



dyi = -A*ydt + f{t, a{t),T,{t))dt + Yidw{t) in [Ti, T), 
yi{T) = yr- 



(3.37) 



By the condition (1.9) and the result obtained in the above, the equation (3.37) admits a unique 
transposition solution (yi(-), Yi(-)) e Dv{[Ti,T]; LP{n; H)) x Ll{Ti,T; LP{n; H)). This defines a 

map J' as 

(j: D^{[Ti,T];LP{n;H)) x lUTi,T; I/{n; H)) ^ DF([ri, T]; L^'(i^; il)) x lI{Ti,T-U>{Q.-H)), 

Now we show that the map J is contractive provided that T — Ti is small enough. Indeed, 
for another (0(-),e(-)) G Dv{[TuT]-U>{n-H)) x Ll{Ti,T; LP{n; H)), we define (y2(-), >2(-)) = 

j(e(-),e(-)). Put 

y3(-) = yi(-) - 2/2(0, l3(-) = n(-) - 12(-), /3(-) = f{;P{-),P{-)) - fi;Qi-),Q{-))- 

Clearly, {y3{-),Y3{-)) solves the following equation 

r dys = -A*y^dt + h{t)dt + Y^dw{t) in [Ti, T), 

1 y3(r) = 0. 

By the condition (1.9), it is easy to see that /3(-) G LI{Ti,T;LP{Q.;H)) and 

l/3(")lLi(Ti,T;LP(f7;_ff)) 



(3.38) 



< Cl - ^(•)lLi(Ti,T;LP(Q;i?)) + 1^(0 " ©(O lLi(ri,r;LP(Q;i?)) 

< CL(r - Ti + \/T -Ti) \a{-) - 6'(-)Iz>f([Ti,T];Lp(Q;J?)) + |S(-) - ©(•)lL|(Ti,T;LF(n;if)) 

By (3.36), it follows that 

l(y3(-),>^3(-))l <C^I/3(-)l 

< C{T - Ti + a/T - Ti) |(7(-) - 6'(-)lDF([Ti,T];Lf(f2;if)) + 1^(0 " ©(O lL2(Ti,T;LP(n;i?)) 



(3.39) 



(3.40) 



Choose Ti so that C{T - Ti + V^- Ti) < 1. Then, J is a contractive map. 

By means of the Banach fixed point theorem, J' enjoys a unique fixed point {y{-),Y{-)) G 
DT^{[Ti,T];LP{n;H)) x Ll{Ti,T;Lp\n;H)). It is clear that {y{-),Y{-)) is a transposition solution 
to the following equation: 



r dy{t) = -A*y{t)dt + f{t,y(t),Y(t))dt + Y{t)dw(t) m[Ti,T), 
\ y{T) = yr. 

Using again (1.9) and similar to (3.39), we see that f{-,y{-),Y{-)) G L\{Ti,T;U>{Q,;H)) and 

l/(-,y(-)>^(-))lLi(Ti,T;Lf(f2;i?)) 

< l/('>0)0)lLi(Ti,T;LP(n;i/)) + I?/ (") I (Ti ,T;LP(n;//)) + l^(') Il^CTi ,r;LP(J7;//)) 



(3.41) 



< l/(->0,0)|il(2.^^2..j;,p(n;//))+CL(r-ri + V^r-ri) |y(-)|DF([ri,r];LP(Q;H)) + |^(-)lL2(Ti,r;LP(Q;H)) 

(3.42) 
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Therefore, we find that 

,T]-LP(n;H))xLj(Ti,T;LP{Q-H)) 
\f{-^y{-),y{-))\LUTuT;LP(n;H)) + Ml^^ (Q-H) 



< c 

< c 



(3.43) 

+ \f{■,0,0)\Ll(^T^,T■LP{n■H)) + |yT|L^^(n;i/)]. 

Since C{T - Ti + y/T - Ti) < 1, it follows from (3.43) that 

\iyi-)^yi-))\Df{[TuT];LP{n;H))xLj{TuT;Lv{n;H)) ^ [ I/I'' 0' 0) lLj(Ti,T;LP(n;i/)) + |2/t|lp^ (Hjff)] • 

(3.44) 

Repeating the above argument, we obtain the transposition solution of the equation (1.8). The 
uniqueness of such solution to (1.8) is obvious. The desired estimate (3.1) follows from (3.44). This 
completes the proof of Theorem 3.1. □ 

4 Well-posedness result for the operator-valued BSEEs with spe- 
cial data 

This section is addressed to proving a well-posedness result for the transposition solutions of the 
operator-valued BSEEs with special data Pt and F. 

We begin with the following uniqueness result for the transposition solution to (1.10). 

Theorem 4.1 If Pt G L%-^{n; C{H)) , F e L^{0,T;L'^{n;/:{H))) and J,K e L^(0, T; L°°(0; 
jC{H))), then (1.10) admits at most one transposition solution (P(-),Q(-)) G £)f «)([0, T]; L^(n; 
jC{H)))xLlJO,T;L^n;C{H))). 

Proof: Assume that {P{-), Q{-)) is another transposition solution to the equation (1.10). Then, 
by Definition 1.2, it follows that 

= E((p(t)-P(t))ei,6)^ + E J ((P{s) - P{s)yiis),X2{s)) ^ds 

/T pT 
^(P(s) -P(s))xi(s),n2(s))^ds + E / (^(Pis) - P{s)^K{s)xi{s),V2is)'^ ^ds 

((P(s) - Pisj)vi{s),K{s)x2{s) + V2{s))^ds 

{Jfi{s)-Q{s))vi{s),X2{s))^ds + ¥. / {i(Q{s)-Q{s))x^{s),V2{s))^ds, 

yte [o,r]. 

(4.1) 

Choosing ui = vi = and U2 = V2 = in equations (1.13) and (1.14), respectively, by (4.1), we 
obtain that, for any t G [0,r], 

= E((p(t)-P(t))ei,6)^, Va, ^2eL%in;H). 
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Hence, we find that P(-) = -P(-)- By this, it is easy to see that (4.1) becomes the following 

[■T i-T 

= Ey^ (^{Q{s)-Q{s))v^{s),X2{s))^ds + ¥. (^{q{s) - Q{s))x^{s)Ms)) /s, ^^^^ 

yte [0,T]. 

Choosing t = 0, ^2 = and V2 = in the equation (1.14), we see that (4.2) becomes 

= Ey^ ((Q(s)-Q(s))i;i(s),X2(s))^o?s. (4.3) 

We claim that the set 

S = |x2(-) X2{-) solves (1.14) with t = 0, ^2 = 0, V2 = and some U2 G Lj{0, T; iJ)| 

is dense in Lf{0, T; H). Indeed, arguing by contradiction, if this was not true, then there would be 

4 

a nonzero r G L| (0, T; H) such that 

E / (^r,X2)jjds = 0, for any X2 G H. (4-4) 
Jo 

Let us consider the following iJ- valued BSEE: 

( dy = -A*ydt+{r-J{tyy-K{trY)dt + Ydw{t), in [0,T), 

1 y{T) = 0. ^ ■ 

The solution to the equation (4.5) is understood in the transposition sense. By Theorem 3.1, the 

4 

BSEE (4.5) admits one and only one transposition solution {y{-),Y{-)) G Df{[0,T]; La (Q; H)) x 
Ll{0,T;Lt{Q;H)). Hence, for any (/)i(-) G L^{0,T; L^{n; H)) and (/)2(-) G L|(0, T; L^(0; i/)), it 
holds that 



where z(-) solves 



-E / {z{s),r{s) - J{sry{s)-K{syY{s))^ds 
Jo 

e[ {Ms),y{s))jjds + E [ {Ms),Yis))jjds, 
Jo Jo 

{ dz = {Az + (f)i)dt + (f)2dw{t), in (0,r], 



(4.6) 



In particular, for any X2{-) solving (1.14) with t = 0, ^2 = 0, V2 = and an arbitrarily given 
U2 G Lf{0,T; H), we choose z = X2, (f)i = Jx2 + U2 and ^2 = Kx2- By (4.6), it follows that 

-E / {x2{s),r{s))„ds = ]K f {u2{s),y{s))„ds, V tX2 G L^(0, T; iJ). (4.8) 
Jo Jo 

By (4.8) and recalling (4.4), we conclude that y{-) = 0. Hence, (4.6) is reduced to 

rT rT 



-E 



/ {z{s),r{s)-K{syY{s))^ds = E [ {cl)2{s),Y{s)) ^jds. (4.9) 
Jo Jo 
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Choosing (f)2{-) = in (4.7) and (4.9), we obtain that 



E /" ([ S{s-a)(f)i{'^)dcr,r{s)- KisyY{s)) ds = 0, \/ E LU0,T; L\n; H)). (4.10) 
Jo ^ Jo ' H 

Hence, 

f S{s-a)[r{s)-K{syY{s)]ds = 0, Vc7G[0,r]. (4.11) 
Then, for any given Aq G p{A) and a G [0, T], we have 

f S{s - a){Xo - A)-^ [r{s) - K{s)*Y{s)] ds 

y (4.12) 
= (Ao - A)-^ I S{s - a) [r{s) - K{s)*Y{s)\ ds = 0. 

Differentiating the equahty (4.12) with respect to cr, and noting (4.11), we see that 

(Ao - A)-^ [r{a) - K{ayY{a)\ =- f S{s - a)A{\o - Ay^ [r{s) - K{sYY{s)\ ds 

= f S{s-a)[r{s)-K{s)*Y{s)\ds 

-Ao / S{s - (7)(Ao - A)-^ [r{s) - K{sYY{s)\ ds 

J a 

= 0, V(7e[o,r]. 

Therefore, 

r{-) = K{.Yy{-). (4.13) 
By (4.13), the equation (4.5) is reduced to 

{ dy = -A*ydt - J{sYydt + Ydw{t), in [0, T), 

\ y{T) = o. ^ ■ ' 

It is clear that the unique transposition of (4.14) is {y{-),Y{-)) = (0,0). Hence, by (4.13), we 
conclude that r(-) = 0, which is a contradiction. Therefore, S is dense in Lf{0,T; H). This, 
combined with (4.3), yields that 

(Qi-)-Q{-))vii-) = 0, yvii-)eLUO,T;H). 

Hence Q{-) = Q{-)- This completes the proof of Theorem 4.1. □ 

In the rest of this section, we assume that if is a separable Hilbert space. Denote by C2{H) the 
Hilbert space of all Hilbert-Schmidt operators on H. We have the following well-posedness result. 

Theorem 4.2 If Pt G L^^^ifl; CiiH)), F G Ll(0,T; L^{n; C2{H))) and J, K € Lj{0,T; L°°{n; 
C{H))), then the equation (1.10) admits one and only one transposition solution (P(-),(5(-)) with 
the following regularity: 

(P(-),g(-)) G Dv{%T]-L\n-C2{H))) X Ll{Q,T-C2{H)). 

Furthermore, 

l(^>Q)lDF([0,T];L2(Q;£2(if)))xL2(0,T;£2(if)) ^ ^ \\P\lI{0,T-L'^{SI-C2(H))) + \PT\Ll^{n-C2{H))\ ■ (4-15) 
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Proof: We divide the proof into several steps. 

Step 1. Define a family of operators {T{t)}t>o on J0.2{H) as follows: 

r(t)o = s{t)os*{t), V o G j[:2{H). 

We claim that {T{t)}t>o is a Co-semigroup on C2{H). Indeed, for any nonnegative s and t, we 
have 

T{t + s)0 = S{t + s)05*(t + s) = 5(t)5(s)05*(s)5*(t) = T{t)T{s)0, V O G /:2(i^). 

Hence, {T(i)}t>o is a semigroup on C2{H). Next, we choose an orthonormal basis {e^}^^ of H. 
For any O G C2{H) and t G [0, oo), 

< \\S{t)\\l^H) \Sis - t)OS*{s -t)- 0|J,(^)||^*(i)lli(i/) 



< ||5(t)||^(^)^lim ^|5(.-0O5*(.-0e.-Oe4 (4-16) 

1=1 

oo 

< 2||5(0||£(H) liin - - t)ei - S{s - t)Oei\lj + \S{s - t)Oei - Oei\]j . 

^ 1=1 

For the first series in the right hand side of (4.16), we have 

oo 

\S{s - t)OS*{s - t)ei - S{s - t)Oei\\ 



i=l 

oo 



<CY \OS*{s - t)ei - Oe4 = C\OS*{s -t)- 0\l^^^^ = C\ [OS*{s -t)- 0]%^^^^ 

i=l 
oo 

= Cj2\[S{s-t)0* -0*]ei\l. 

i=l 

For each z G N, 

I [S{s - t)0* - 0*]ei\\ < 2\S{s - t)0*ei\l + \0*ei\]j < C\0*ei\%. 



It is clear that 

CO 

\C2{H)- 



i=l 

Hence, by Lebesgue's dominated convergence theorem, it follows that 



(4.17) 



lim \S{s - t)OS*{s - t)ei - S{s - t)Oei\]j 

* i=l 

oo oo 

< C lim ^ \OS*{s - t)ei - Oei\\ = lim \OS*{s - t)ei - Oei\\ = 0. 

1=1 1=1 

By a similar argument, it follows that 

oo 

lim ^|5(s-t)Oei-Oei|J^ = 0. (4.18) 



s-^t+-. , 
1=1 
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Prom (4.16)-(4.18), we find that 

hm \T{s)0 - T{t)0\\^^^^ =0, V t G [0, oo) and O G C2{H). 

|2 



0, Vt G (0,oo) and O G /:2(i?). 



Similarly, 

\y^_\T{s)0-nt)0\^^^^^ 

Hence, {T(t)}t>o is a Co-semigroup on C2{H). 

Step 2. Denote by A the infinitesimal generater of {T{t)}t>o- We consider the following 
>C2(i^)-valued BSEE: 



dP = -A*Pdt + f{t,P,Q)dt + Qdw in [0,r), 
P{T) = Pt, 



(4.19) 



where 



f{t, P, Q) = -J*P -PJ - K*PK - K*Q -QK + F. (4.20) 

Noting that J,K e L^{0,T;L^{n;C{H))) and F G L^{0,T; L'^{n; C2{H))), we see that /(•,-,•) 
satisfies (1.9). By Theorem 3.1, we conclude that there exists a (P, Q) G -Df([0, T];L'^{^; C2{H))) x 
Lj{0,T;C2{H)) solves (4.19) in the sense of Definition 1.1, where the Hilbert space H is replaces 
by C2{H). Further, (P, Q) satisfies (4.15). 

Denote by O(-) the tensor product of xi(-) and X2{-), where xi and X2 solve respectively (1.13) 
and (1.14). As usual, 0{t,u!)x = {x,xi)hX2 for a.e. {t,oj) G [0, T] x Vt and x e H. Hence, 
0{t,uj) G jC,2{H). For any A G p{A), define a family of operators {Tx{t)}t>o on C2{H) as follows: 

Tx{t)0 = Sx{t)OSl{t), V O G C2{H). 

By the result proved in Step 1, it follows that {Tx{t)}t>o is a Co-semigroup on C2{H). Further, for 
any O G J02{H), we have 

lim "73^(^)0 - o = 5.(^)051(0 - O ^ j.^ g,(t)05-(t) - OSlit) + Og*(t) - o 
t-^o+ t t-^o+ t t-*-o+ t 

= AxO + OAl. 

Hence, the infinitesimal generater Ax of {Tx{t)}t>o is as follows: 

AxO = AxO + OAl, for every O G C2iH). 
Now, for any O G C2{H), it holds that 

r(i)o - rA(t)o 



lim 

A— >-oo 

= lim 

A-^oo 

< lim 
A— >oo 



S{t)OS*{t)-Sx{t)OSl{t) 
S{t)OS*{t) - S{t)OSl{t) 



C2(H) 

+ lim 

C2(,H) A-*-oo 



S{t)OSl{t)-Sx{t)OSl{t) 



Let us compute the value of each term in the right hand side of the above inequality. First, 



S{t)OS*{t) - S{t)OSl{t) 



< C\OS*(t)-OSl(t) 

oo 

= Cj2\{s{t)-Sx{t))o*e, 



C 



S{t)0* - Sxit)0* 



C2{H) 



i=l 



(4.21) 
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Since 



2 °° 

- S^it))0*ei\^ < C\0*ei\jj and ^ |o*e, 



by means of Lebesgue's dominated theorem and (4.21), we find that 

2 



hm 

A— >oo 



S{t)OS*{t) - S{t)OSl{t) 
By a similar argument, we find that 



lim \S{t)OSl{t) - Sx{t)OSl{t) 

A— >-oo I 



0. 



0. 



Hence, 



hm 

A— ^oo 



C2{H) 

0, for any i > 0. 



T{t)0 - Tx{t)0 

Write = x\® X2, where and X2 solve accordingly (2.11) and (2.12). Then, 

dO^ = (Axx^) (g) X2ds + (g) {AxX2)ds + tt^ds + v^dw, 

where 



= ( Jxi ) (g) X2 + (g) ( JX2) + ui (g + (g 'U2 + [Kx^) (g (^^2) + (-f^^i ) (g i;2 
(g (-fTxs) +^10^2, 



= (KXi) (g X2 + (g {KX2) +Vl®X2+Xi® V2. 

Further, for any h e H, we find 

{{Axx^)®x^){h) = {h,Axx^)jjX^ = {Alh,x^)jjX^ = {x^®x^)Alh. 

Thus, 



(Axx^) (^x^ = O^A 



A- 



Similarly, we have the following equalities: 
' x^ (g [Axx^] = AxO^, 



(Jx^) (g + (g (Jx^) =O^J* + JO^, 
(Kx^) (g (Kx^) = KO^K*, 

[Kxi] '^V2 + vii^ {KX2) = [xi (g V2) K* + K* [vi (g a;2 ) , 
, (Kx^) (g + (g (iCx^) = O^K* + KO^. 



By (4.24)-(4.26), we obtain that 



u 



JO^ + O^J* + Ui0X2+Xi(g)U2 + KO^K* + Kx\ ®V2+Vi® KX2 +Vi® V2, 



[ = KO^ + O^K* + vi®x^ + x^® V2. 
Prom (4.23), (4.25), the first equality in (4.26) and (4.27), we see that solves 

jdO^ = AxO^ds + u^ds + v^dw{s) in {t, T], 

\o^(i) = 6®6- 
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Hence, 

0\s) = rx{s-mi®^2)+ rTx{T-t)u\T)dT+ f Tx{T-t)v^{T)dw{T), VsG[t,T]. (4.29) 

Jt Jt 

We claim that 

^lim |0^(-)-0(-)|c,([t,T];L4(f2;£,(ff))) =0, VtG [0,T]. (4.30) 
Indeed, for any s G [t, T], we have 

oo 

\0\s) - 0{s)\l^^H) = E - 0{s)ei\l 

i=l 

oo 

= ^\{ei,Xi{s))HX2{s) - {ei,Xi{s))HX2{s)\jj 

i=l 

oo oo 

< '^^\{ei,Xi{s))HX2{s) - {ei,Xi{s))HX2{s)\jj+2'^\{ei,Xi{s))HX2{s) - {ei,Xi{s))HX2{s)\jj 

1=1 i=l 

oo oo 

< 2\x^{s) - X2{s)\%J2\i^i'^i('))H\' + 2\x2{s)\l^\{ei,x^,is) - xi{s))h\^ 

i=l i=l 

= 2|xi(s)|^|x^(s) - X2{s)fjj + 2\x2{s)\1^\x^{s) - xi(s)|^. 

This, together Lemma 2.7, implies that (4.30) holds. 

By a similar argument and noting (4.22), using Lemma 2.1 and (4.30), we can show that, for 
any t G [0,r], it holds that 



lim 

A— >-oo 

lim 

A— >oo 



/ rx{T-t)u^{T)dT- I T{T-t)u{T)dT 
Jt Jt 

I T\{t -t)v^{T)dw{T) - I T{t - t)v{T)dw{ 
Jt Jt 



= 0, 

C^{[t,T];L^{a;C2{H))) ^^^^^^ 



= 0, 

CF([t,T];L4(a;£2(i/))) 



where 



\ U = JO{-) + 0{-)J* +Ul®X2+Xl®U2 + KO{-)K* + {Kxi) ®V2+Vl® {KX2) +Vl® V2, 

[ v = KO{-) + 0{-)K* + vi®X2 + xi® V2. 

(4.32) 

Prom (4.29)-(4.31), we obtain that 

0{s) = T{s - t){Ci 6)+ / T(t - t)u{T)dT + [ T{t- t)v{T)dw{T), V s G [t, T]. (4.33) 

Jt Jt 

Hence, O(-) verifies that 

jdO{s) =AO{s)ds + uds + vdw{s) in(i,r], 

\o(i) = a®6. 

Step 3. Since {P,Q) solves (4.19) in the transposition sense and by (4.34), it follows that 

rT 



E(0(r),Pr>^^(^) -E^ {0{s)J{s,P{s),Q{s)))^^^^^ds 



(4.35) 
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By (4.20) and recalling that O(-) = a;i(-) (g) X2{-), we find that 

rT 



■■eJ'^{{- Jis)*P{s) - P{s)J{s) - K*{s)P{s)K{s) - K*{s)Q{s) - Q{s)K{s) 



+F{s))xi{s),X2{s)) jjds. 
Further, by (4.32), we have 



and 



E j^\v{s),Q{s))^^^^^ds 

= eJ^ {K*{s)Qis)xi{s),X2is))jjds + E {Qis)K{s)xi{s),X2{s)) j^ds (4.38) 

+E / {Q{s)vi{s),X2is))jjds + E f {xi{s),Q{s)v2is))^ds. 
Jt Jt 

From (4.35)-(4.38), we see that (P{-),Q{-)) satisfies (1.17). Hence, {P{-),Q{-)) is a transposition 
solution of (1.10) (in the sense of Definition 1.2). The uniqueness of {P{-),Q{-)) follows from 
Theorem 4.1. This concludes the proof of Theorem 4.2. □ 

Remark 4.1 Theorems 4-1-4-^ indicate that, in some sense, the transposition solution introduced 
in Definition 1.2 is a reasonable notion for the solution to (1.10). Unfortunately, we are unable to 

prove the existence of transposition solution to (1.10) in the general case though a weak version, 
i.e., the relaxed transposition solution to this equation, introduced/ studied in the next three sections, 
suffices to establish the desired Pontryagin-type stochastic maximum principle for Problem (P) in 
the general setting. 



(4.36) 



E / {u{s),P{s))^^^^^ds 

J t 

= E f {j*{s)Pis)xi{s),X2{s))jjds + E f {P{s)J{s)xi{s),X2is))^ds 
Jt Jt 

+E [ {P{s)ui{s),X2{s))jjds + E [ {P{s)xi{s),U2{s))jjds (4.37) 
Jt Jt 

+E [ {K*{s)Pis)K{s)xi{s),X2{s)) jjds + E [ {P{s)K{s)xi{s),V2{s)) jjds+ 
Jt Jt 

+E [ {K{syPis)vi{s),X2{s))^ds + E [ {P{s)viis),V2{s))jjds, 
Jt Jt 



5 Sequential Banach-Alaoglu-type theorems in the operator ver- 
sion 

The classical Banach-Alaoglu Theorem (e.g. [8, p. 130]) states that the closed unit ball of the dual 
space of a normed vector space is compact in the weak* topology. This theorem has an important 

special (sequential) version, asserting that the closed unit ball of the dual space of a separable 
normed vector space {resp., the closed unit ball of a reflexive Banach space) is sequentially compact 
in the weak* topology {resp., the weak topology). In this section, we shall present several sequential 
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Banach-Alaoglu-type theorems for uniformly bounded linear operators (between suitable Banach 
spaces). These results will play crucial roles in the study of the well-posedness of (1.10) in the 
general case. 

Let {yn}^=i C Y and y EY. Let {zn}'^=i C Y* and z eY*. In the sequel, we denote by 

(w)- lim yn = y in y 

n— >-oo 

when {yn}'^=i weakly converges to y in Y; and by 

(w*)- lim Zn = z in Y* 

when {zn}'^=i weakly* converges to z 'm.Y*. Let us show first the following result (It seems for us 
that this is a known result. However we have not found it in any reference): 

Lemma 5.1 Let X he a separable Banach space and let Y he a reflexive Banach space. Assume 

that {Gn}'^^i C C{X,Y) is a sequence of hounded linear operators such that {GnX^'^^i is hounded 
for any given x G X. Then, there exist a suhsequence {Gn^}'^^i and a bounded linear operator G 
from XtoY such that 

(w)- lim Gn^x = Gx in Y, ^ x E X, 

k-^oo 



(w*)-_lim Gl^y* = G*y* in X*, \/ y* e Y*, 

and 



\\G\\c{X,Y) < sup \\Gn\\c{X,Y)i< °°)- (5-1) 
neN 

Remark 5.1 Lemma 5.1 is not a direct consequence of the classical sequential Banach- Alaoglu 
Theorem. Indeed, as we mentioned before, the Banach space C{X,Y) is neither reflexive nor sepa- 
rable even if both X and Y are (infinite dimensional) separable Hilhert spaces. 

Proof of Lemma 5.1: Noting that X is separable, we can find a countable subset {xi}^i of X 
such that {xi,X2, • • • } is dense in X. Since {G„.ti}^^ is bounded in Y and Y is reflexive, there 
exists a subsequence {n^j^^}'^-^ C {n}^^i such that (w)- lim G (i)Xi = yi. Now, the sequence 

{G (i)a;2}^^ is still bounded in Y, one can find a subsequence {n^^^}^^ C {'n^^^}'^i such that 

(w)- ^Um G^(2)X2 = 2/2- By the induction, for any m G N, we can find a subsequence {'ri'k"'^^^}k^i 

{n^™^}^^ C ••• C {n[,^^}^^ C {n}^^i such that (w)- lim G = 2/m+i- We now use 

A;— >oo "fe 

the classical diagonalisation argument. Write Hm = m = 1,2, Then, it is clear that 

{GnmXi}m=i converges weakly to yi in Y. 

Let us define an operator G (from X to Y) as follows: For any x e X, 



Gx = hm yi = lim ( (w)- lim Gn^Xi ) , 

k-^oo k—>oo \ m^oo J 



where {a^i, is any subsequence of {a;,}^! such that Um Xj^. = x'va. X. We shall show below 
that G^[l{X,Y). 

First, we show that G is well-defined. By the Principle of Uniform Boundedness, it is clear 
that {G„}^i is uniformly bounded in L{X^Y). We choose M > such that \Gn\c{x,Y) < ^ for 
all neN. Since {xi^"^^^ is a Cauchy sequence in X, for any e > 0, there is a iV > such that 
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\xif,_^ — < when ki,k2 > N. Hence, \Gn{xii^_^ — .x.j^,_^)|y < e for any n G N. Then, by the 
weakly sequentiahy lower semicontinuity (of Banach spaces) , we deduce that 

m— >oo 

which implies that {yi^.}^! is a Cauchy sequence in Y. Therefore, we see that lim y^^ exists in 

k—^oo 

Y. On the other hand, assume that there is another subsequence {x'^^}'^^^ C {xj}^^ such that 
lim x'^ = X. Let y- be the corresponding weak limit of GnmX'j, in F for m — >■ oo. Then we find 

that 

I Vik - y'ijY ^ lim ^ - Xi )\Y < M lim - x'^ \x 

< M lim \xi, — x\x + M lim |x — x\ \x = 0. 

Hence, G is well-defined. 

Next, we prove that G is a bounded linear operator. For any x e X and the above sequence 

{^ifclfe^i! it follows that 

\Gx\y = lim luii^lY < lim Jim {Gn^Xi^y < M lim \xijx < M\x\x- 

k^oo fe— >-oo TO— >oo k—><x 

Hence, G is a bounded operator. Further, for any x^^^x^"^^ G X, a G C and /? G C, we choose 
{x^}^^ C {xi}°Z-^, j = 1,2, such that hm x^^ = x^-'^ and denote by yp'' the weak limit of 

Gf, xP'* in Y for m — )• oo. Hence Gx^-'^ = lim v^/\ Then, 

ax^"*"^ + Px^"^^ = lim (ax£^ + Px[^^) = a lim x-"^^ + /? lim x|^^ 

(w)- lim Gn^(ax,^;^ = af(w)- lim Gn^xH^) + p({w)- lim Gn^xg^). 

G(ax(^) +/3x(2)) = hm f(w)- lim G^^ (ax ^ + /3xgM 

fc— >oo \ m-^oo k I'k y 

= a lim ( (w)- lim G^^xJ^M + /3 lim ( (w)- lim Gn^xfJ) 

fe— >-00 V TO->-0O « / fc->-CO V TO— >-C» / 

= aGxW +^Gx(2). 

Therefore, G e C{X,Y). 

Also, for any x G X and y* G F*, it holds that 



and 



Hence, 



{x,G*y*)x,x* = {Gx,y*)Y,Y* = lim (G„^x, y*)y,y* = lim {x,G*y*)x,x* ■ 

k-^oo k—>-oo 



Hence, 



(w*)- lim G;^y* = GV in X*. 



Finally, from the above proof, (5.1) is obvious. This completes the proof of Lemma 5.1. □ 
Let us introduce the following set class: 

is an F-adapted processj . (5.2) 

This set class will be used several times in the sequel. We now show the following "stochastic 
process" version of Lemma 5.1. 
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Theorem 5.1 Let X and Y be respectively a separable and a reflexive Banach space, and let 
LP{Q,,J^T,^), with 1 < p < oo, be separable. Let 1 < pi,P2 < oo and 1 < qi,q2 < oo. As- 
sume that {Qn}'^=i is a sequence of uniformly bounded, pointwisely defined linear operators from 
LP'{0,T;LP-'{n;X)) to L^^Jo, T; L^a (Jl; y)). Then, there exist a subsequence {^nj^ii C {^n}^i 
andag e Cpd{Ll^{Q,T-LP^{9.-X)), Ll\Q,T-L'i^{9.-Y))) such that 

gu{-) = (w)- lim inLl'{Q,T-L'i^(Sl-Y)), Vu(-) G Ll'{id,T-lJ>^{^l-X)). 

fe— >-oo 

Moreover, \Q\c{Ll^{0,T;Lf2{Q,;X)), Ll^{0,T-Li2{n-Y))) ^ ^^\\^n\\c{Ll^{0,T-LP2{n-X)), L^i(0,T;L92(n;y))- 

Remark 5.2 i) As we shall see later, the most difficult part in the proof of Theorem 5.1 is 
to show that the weak limit operator Q is a bounded, pointwisely defined linear operators from 
L^'(0,r;LP2(f^.X)) to Ll^{0,T;Li^{n;Y)). Note that, a simple application of Lemma 5.1 to the 
operators {Qn}'^=i does not guarantee this point but only that Q G C{^L^{{).,T\LP'^{^\X)), Lp^(0,r; 
Li^{^-Y))). 

a) Theorem 5.1 indicates that Cpd{L^'iO,T;LP^{n;X)), Ll\0,T; Li^n;Y))) is a closed linear 
subspace of the Banach space jI:{LI' {0,T; LP^{n; X)), L^' {0,T; Li^{n;Y))) . 

Proof of Theorem 5.1 : We divide the proof into several steps. 

Step 1. Since {Gn}^=i is a sequence of uniformly bounded, pointwisely defined linear operators 
from L^' (0, T; LP^ (Q; X)) to L^^ (0, T; L^^ (Q; Y)), for each n G N and a.e. {t, w) G (0, T) x there 
exists an Gn{t,uj) G jO{X,Y) verifying that 

{Gnui-)) {t, = Gn{t, uj)u{t, u), V u{-) G L^' (0, T; LP^ (Q; X)). (5.3) 

Write 

M = SUp\\gn\\c(Ll^o,T-LP2{Q-X)), Ll^O,T-Ln(n-Y))- 

By Lemma 5.1, wc conclude that there exist a bounded linear operator Q from L^^(0, T; LP^{CI; X)) 
to Ll\0,T;Li^{n;Y)) and a subsequence {GnJkLi C {^n}^=i such that 

gu{-) = (w)- lim Gn.ui-) in Ll'{0,T;Li^{n;Y)), (5.4) 

A;— ^-oo 

and 

l^^(-)lL^l(0,T;L.2(a;y)) < ^I^CO I L^l (0,T;L.2 (a;X)) > V n(-) G L^^ (0, T; L^^ (^^; X)). (5.5) 
We claim that 

mm m 

J2 fi^^'i = ^iJ2 /^"O = (^)- E fi^n.Ui in Ll' (0, T; (O; Y)) (5.6) 

1=1 j=l j=l 

and 



m 



fiQui <Af V/iUi , (5.7) 
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where m G N, G L^{0,T) and m G L^^ {0,T; LP^{Q; X)), i = 1,2,--- ,m. To show this, write 
q'i = ^ and ^ = It follows from (5.4) and (5.3) that for any v{-) G Lf{0,T;Lii{n;Y*)), 

= lim / {{GnkUi) (s), fi{s)v{s))yy,ds = lim / Ey2{ifiGnkUi){s),v{s))yy,ds, 



(5.8) 



and 



lim / ¥.'S^{gnk{s)ui{s)Ji{s)v{s))yy,ds= \vm. / E V] (G„j^^(s)uj(s),/i(s)'y(s))„„,ds 

= ^li^ / ^{Gnk{s)(^h{s)Ui{s)^,v{s))yyJs 



rT 



= lim / ^(gr,^{Y^fiUi)){s),V{s))yy^dS= ^(g{Y,hUi)){s),V{s))yyjS. 

(5.9) 

By (5.8)-(5.9), we obtain (5.6)-(5.7). 

Step 2. Each x ^ X can be regarded as an element (i.e., X{o,T)xn(")^) ™ L]^{^-,T\LP'^{^\X)). 
Hence, Qx makes sense and belongs to Lp^ (0, T; L'^^ (ri; y)). It is easy to see that >C is a bounded 
linear operator from X to L^'(0, T; L«i (f^; y)). By (5.5), we find that 

I (^^)(-)L-(o,T;L..(n;y)) < MT^^Ax, V X G X (5.10) 

Write Bx = {.T G X I \x\x < l}- By the separability of X, we see that \ sup |(^a;)(-)|y > is 
an F-adapted process. We claim that 

s\x^ \{gx){t,oj)\y <oo, a.e. (i,a;) G (0,T) x J^. (5.11) 

x&Bx 

In the rest of this step, we shall prove (5.11) by the contradiction argument. 

Assume that (5.11) was not true. Then, thanks to the adaptedness of \ sup |(^x)(-)|y > with 

respect to F, there would be a set A G A^, defined by (5.2), such that lJi{A) > (Here ji stands for 
the product measure of the Lebesgue measure (on [0, T]) and the probability measure P) and that 

sup \{^Qx){t,uj)\y = GO, for(t,w)G^. 
xeBx 

Let {xi}^^ be a sequence in Bx such that it is dense in Bx- Then 

sup |(^Xi)(t,c<j)|^ = sup \{Q x) {t, u:)\y = oo, for(t,a;)G^. 

ieN xeBx 

For any n G N, we define a sequence of subsets of (0, T) x Q in the following way. 

' 4"^ = [{t,uj) G (0,r) X ^ I \{gxi){t,uj)\y > n}. 



i-1 



Af^ = [{t,u) G ((o,r) X o) \ ( U 4")) I \{gx,){t,u)\y > n}, if 



i > 1. 



(5.12) 



k=l 
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It follows from the adaptedness of | (Qx) {■)\y that A^^^ G M. for every i G N and n G N. It is clear 



that ^ C (J aI"-^ for any n G N and A^""^ D Af^ =$ for i^j. Hence, we see that 



i=l 



= fi{[j ^ /"l^) > 0' for all n G N. 

Thus, for each n G N, there is a iV„ G N such that 



1=1 



Write 



j=i 



(5.13) 



(5.14) 



Clearly, {x^ (t)}tg[o,T] is an adapted process. By ^ G £(LP^(0,r;LP2(J^;X)), L^^(0,r;L92(J7;y))) 
and |x(")(t,a;)|x < 1 for a.e. {t,Lo) G (0,r) x we find that 



<MT^/P\ forahnGN. 



P2 ^ — 

— I P9 



(5.15) 



On the other hand, let us choose a n > -^^T^^ ''i . From (5.12)-(5.14), and noting (5.6), we 
obtain that 



1 



i=l 



which contradicts the inequality (5.15). Therefore, we conclude that (5.11) holds. 

Step 3. By (5.11), for a.e. {t,uj) G (0,T) x we may define an operator G{t,Lo) G C{X,Y) by 

{gx){t,u). (5.16) 

Further, we introduce the following subspace of L^{Q,T\U''^{Q.;X)): 

m 

1=1 

It is clear that X is dense in (0, T; (fi; X)). We now define a linear operator Q from Af to 
Lf{0,T;Li^{n;Y))hy 



X 3 n(-) =YxAi{-)hi ^ (ati)(t,a;) = ^ XAi(t, w)G(t, a;)/ii. 
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(5.17) 



i=l 



We claim that ^ 

{Gu){-) = {gu){-), yu{-)&X. (5.18) 

Indeed, it follows from (5.3) that for any v{-) € L-^ {Q,T; L'^^iVt^Y*)), and u{-) to be of the form in 
(5.17), 



{{Qu){s),V{s))yyJS=¥. {Y^XAi{s)G{s)hi,V{s))yyJS 

Jo ' Jo 

= e/ ( VxA,(s)(g/lO(s),Ks)>yy.rfs = VE / {{ghi){s),XA,{s)v{s))yy^ds 
m „T 

= V lim E / {Gnkis)hi,XAi{s)v{s)) ds 
~[ 1^^°° Jo 

= ^lim^IE/ {Gni,{s)\^'^XAi{s)hij,v{s))yy,ds = E {{gu){s),v{s))yy,ds. 
Jo ' Jo 

This gives (5.18). 

Recall that ^ is a bounded linear operator from L^' {0,T; LP^{n; X)) to Lf {0,T; L'i2{n;Y)). 
Hence, it is also a bounded linear operator from X to L'^^{0,T;L'^^{Q,;Y)). By (5.18), we con- 
clude that ^ is a bounded linear operator from X to L^^{0,T; L'i^{D,;Y)). Since X is dense in 
L^^ (0, T; L*'^ (J); X)), it is clear that g can be uniquely extended as a bounded linear operator from 
LP'{0,T;LP^{n;X)) to Ll'{0,T;Li^{n;Y)) (We still denote by § its extension). By (5.18) again, 
we conclude that 

g = g. (5.19) 

It remains to show that 

,uj), a.e. {t,uj) G (0, T) x f2, (5.20) 

for all u G L^' (0, T; L^^ (O; X)). For this purpose, by the fact that X is dense in L^' (0, T; LP^ (O; X)), 
we may assume that 

oo 

1=1 

for some Ai e M and /ij G X, i = 1,2,--- (Note that here we assume neither Ai f]Aj = (l} nor 

n 

hi / hj for i, j = 1, 2, • • • ). For each n G N, write ■«"'(•) = ^XAi(-)^i- Prom (5.21), it is clear that 

i=l 

ui-) = lim^u^i-), mLP'{0,T;LP'{n-X)). (5.22) 
By (5.7), (5.16), (5.17) and (5.22), it is easy to see that 

n 

{gu^{-))it,u^) = ^XA,it,u^)G{t,u;)hi (5.23) 
1=1 

is a Cauchy sequence in L^^ (0, T; L''^ (Q; y)). Hence, by (5.23) and recalling that ^ is a bounded 
linear operator from L^i(0,T;LP2(O;X)) to Ll\(},T; Li''{n;Y)), we conclude that 

oo 

{gu{-)){t,u;) = J2xA,{t,u;)G{t,uj)hi. (5.24) 

i=l 
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Combining (5.21) and (5.24), we obtain (5.20). 

Finally, by (5.19) and (5.20), the desired result follows. This completes the proof of Theorem 
5.1. □ 

From the proof of Theorem 5.1, it is easy to deduce the following result. 

Corollary 5.1 Let X and Y be respectively a separable and a reflexive Banach space, and let 
LP{Q,J^T,^), with I < p < oo, be separable. Let 1 < qi,q2 < oo. Assume that {Qn}^^i is a 
sequence of uniformly bounded, pointwisely defined linear operators from X to (0, T; L'^'^ (Q; Y)). 
Then, there exist a subsequence {^n^lfc^i C {Gn}'^=i o^nd anQ & Cpa{X, L^^{0,T;L'^^{CI;Y))^ such 
that 

Qx = (w)- lim Qn^x in L^' (0, T; L'i^ {Q; Y)), M x & X. 

fe— >oo 

Moreover, \Q\c{X,Ll^{0,T;L'i2(Q-Y))) < ^^V\\Qn\c{X, Ll'^{0,T;L'>2{n;Y))- 



Proceeding exactly as in the proof of Theorem 5.1, we can show the following "random variable" 
and "random variable-stochastic process" versions of Lemma 5.1 (Hence, the detailed proof will be 
omitted). 

Theorem 5.2 Let X and Y be accordingly a separable and a reflexive Banach space, and let 
LP($7, J-T, F), with 1 < p < oo, be separable. Let 1 < pi < oo and 1 < qi < oo. Assume that 
{Gn}^=i is a sequence of uniformly bounded, pointwisely defined linear operators from Lj^^{il;X) 
to L^^(r2;y). Then, there exist a subsequence {Qnk}k^i <^ {On}^=i o-nd an Q E Cpci[L^^{^;X), 
L3i^(0;y)) such that 

gu{-) = (w)- hm GnM-) L%{n-Y), Vu(-) G L?i^(0;X). 
Moreover, ||>C||^(^^^(^.^)_ L^i^^Y)) ^ fv\^n\\ciL%^^i^^;X), L^^{n;Y))- 

Theorem 5.3 Let X and Y be respectively a separable and a reflexive Banach space, and let 
LP{n,FT-,^), with I < p < oo, be separable. Let 1 < pi < oo, 1 < qi,q2 < oo and < to < T. 
Assume that {^n}^i is a sequence of uniformly bounded, pointwisely defined linear operators from 
L^i {n;X) to L^'(to,T;L«2(0;F)). Then, there exist a subsequence {QnJkLi {On}n=i «^ 
g e Cpd{L^^^^{n;X), Ll'{to,T;Li^{n;Y))) such that 

gu{-) = (w)- lim g^M-) tnLl'ito,T-Li^in;Y)), \/ u{-) e L% (i7;X). 

Moreover, (n;X), L«(to,r;L«2(n;Y))) < sup ||an||£(L^i^(n;X), L«(to,T;L«2(n;Y))- 

Remark 5.3 Similar to Remark 5.2 ii), we see that Cpd{X, L^"- iO,T; L'^'^ in;Y))) , Cpd{L^j^^{n; X), 
L^^(i7;y)) and Cpd{L'^^ {Q,;X), L'^^{tQ,T;L'^'^{Q,;Y))^ (for any given tQ € [0,T]J are accordingly 
closed linear subspaces of the Banach spaces C(^X, L'^ (0,T; L'^'^ {Q,;Y))^ , C(^L^_^(Q.; X), L^_^(0;y)) 
andC{LP^^^{n;X), L'^'ito,T;Li'^in;Y))). 

It is clear that the probability space (Q, P) plays no special role in the above Theorems 
5.1-5.3. For possible applications in other places, we give below a "deterministic" modification of 
Theorem 5.1. 
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Let (ill, All, and {^2, M2, l-i'2) be two finite measure spaces. Let 7W be a sub-cr-field of the 
(T-field generated by Mi x M2, and for any 1 < p,q < 00, let 

: Hi X ^2 ^ X ip{-) is Al-measurable and 

\(p{uJl,u;2)\%df^2iuJ2)] < ooj. 



It is easy to show that L^{Qi; {^2', X)) is a Banach space with the canonical norm. Similar to 
the proof of Theorem 5.1, one can prove the following result: 

Theorem 5.4 Let X and Y be respectively a separable and a reflexive Banach space. Let 1 < 

Pi,P2 < 00 and 1 < qi,q2 < 00, and let L^{Qi; L^^ {Q2'i C)) be separable. Assume that {Gn}'^=i is 
a sequence of uniformly bounded, pointwisely defined linear operators from L-j^{0,i; L^'^ {^12; X)) to 
L'j^{^li; L'^'^ (^l2;Y)) . Then, there exist a subsequence {Gnk}k^=i {On}^=i o,nd aQ G Cpd{L^^{^i; 
LP^{n2;X)), L%^{nl■,L1^{n2•,Y))) (defined similarly as Cpd{Ll\(),T;LP^{n;X)), Ll\(},T;Li^{n; 
Y))^) such that 

gu{-) = (w)- lim GnM-) inLli{ni;Li%n2;Y)), VO G ^^2(^2; X))- 



Moreover, \\Q\\c{L''ji.{ar,LP2(a^;x)), L^cniiL^cna;^))) ^ ^^P\\^n\\c{L''ji.{av,LP2(n2;X)), L^(ni;L'i2 



6 Well-posedness of the operator- valued BSEEs in the general 
case 

This section is addressed to proving the well-posedness result for the equation (1.10) with general 
data in the sense of relaxed transposition solution, to be defined later. 
Write 

Q[0, T] = I (Q( ) , For any t G [0, T] , both Q^*) and Q^*) are bounded Uncar operators 

from L%{n;H) x Ll{t,T; L*{n; H)) x Ll{t,T; L^{n; H)) to Ll{t,T; lI {n; H)) 
and Q(*)(0,0,-)* = Q^*^(0,0,-)}. 

(6.1) 

We now define the relaxed transposition solution to (1-10) as follows: 

Definition 6.1 We call {P{-),Q^-\Q^-'^) G Dy,U{0,T]; L^ {Q; C{H))) x Q[0,T] a relaxed transpo- 
sition solution to (1.10) if for any t G [0,r], ^1,^2 e L%^{Q,;H), ui{-),U2{-) G Ll{t,T;L^{Q;H)) 
andvi{-),V2{-) G Ll{t,T-L^{Q,;H)), it holds that 

¥.{PtXi{T),X2{T))jj - {F{s)xi{s), X2{s)) jjds 

= E(P(i)ei, 6)^^ + ^ r {P{s)ui{s),X2{s))^ds + E r {P{s)xiis), U2is))jjds 

+E / {P{s)K{s)xi{s),V2{s))^ds + W. {P{s)vi{s),K{s)x2{s) + V2{s))^ds 
Jt Jt 

+E ^ {vi (s) , (6 , U2 , V2)is) )jjds + Ej^ (Q W (a ,Ul,Vl){s),V2 {s) ) jjds. 

Here, xi{-) and X2{ ) solve (1.13) and (1-14), respectively. 
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Remark 6.1 It is easy to see that, if (P(-),Q(-)) is a transposition solution to (1.10), then 
[P{-),Q^'\Q^'^) is a relaxed transposition solution to the same equation, where (Recall Lemma 
2.6 forU{-,t), V{-,t) andW{;t)) 



Q'^'H^,u,v) = Q{-)U{;t)^ + Q{-)Vi;t)u + 



Qi-)W{;t) + {Q{-rW{;t)y 



(C, u, v) = Q{-yu{; t)i + Q(-) t)u + 



Q{-yW{;t) + {Q{-)W{;t)y 



for any {^,u,v) G Ljr^{Q.;H) x L^(t,T; L'^{Q,; H)) x Lf{t,T;L^{Q,;H)). However, it is unclear how 
to obtain a transposition solution {P{-), Q{-)) to (1.10) by means of its relaxed transposition solution 
(P(-), Q('), Q^')) . It seems that this is possible but we cannot do it at this moment. 

We have the following well-posedness result for the equation (1.10). 

Theorem 6.1 Assume that H is a separable Hilbert space, and L^^(r2;C) (1 < p < oo) is a 
separable Banach space. Then, for any Pt € Lj-^(r2; C{II)), F G ip(0, T; L^(r2; C{II))) and J,K^ 
L^{0,T; L°°{^}; C{H))), the equation (1.10) admits one and only one relaxed transposition solution 
(P(-),Q(-),g(-)) £Df^^i[0,T];Lt{^;C{H))) x Q[0,T]. Furthermore, 

\\P\\ 4 

" "£(L|(0,T;L4(Q;i?)), L|(0,T;L3 {n;H))) 



< C 



IfJP] i^*^^^'*^^^)i(£(L4,^(n;H)xL2(t,r;L4(J7;if))xL|(t,T;L4(Q;H)),L|(t,^^^ (6-3) 
l^lLl(0,r; L^n;C{H))) + I^tIl^ (Q; C{H)) ■ 



Proof: We consider only the case that is a real Hilbert space (The case of complex Hilbert 
spaces can be treated similarly). The proof is divided into several steps. 

Step 1. In this step, we introduce a suitable approximation to the equation (1.10). 

Let {e„}^2 be an orthonormal basis of H and {T^y^^i be the standard projection operator 

n oo 

from H onto its subspace span {ei, 62, • • • ,e„}, that is, r„x = '^^^i^i ^ = ^a^jCj G H. 

1=1 1=1 

Write Hn = TnH. It is clear that, for each n G N, is isomorphic to the n-dimensional Euclidean 
space M". In the sequel, we identify iJ„ by M", and hence C{Hn) = >C(R") is the set of all n x n 
(real) matrices. For any Mi,M2 G C{W^), put {Mi,M2)^^^„) = tT{MiMj). It is easy to check 
that (•, •)£(]g„-) is an inner product on £(M"), and jC{M."') is a Hilbert space with this inner product. 
Consider the following matrix-valued BSDE: 



f dP"'^ = -{AX^ + Jl)P^'^dt - P"'^(Aa,„ + Jn)dt - KlP^'^Kndt 

-{KQ""'^ + Q''^^Kn)dt + Fndt + Q'^'^dwit) in [0, T), 



(6.4) 



where A G p{A), A\^ri = ^nA\Tn, A\ (as before) stands for the Yosida approximation of A, 
Jn = r„./r„, Kn = v'nKTn, Pn = T^PF^ and P^ = r„Prr„. 

The solution to (6.4) is understood in the transposition sense. According to Theorem 3.1 (or 
[18, Theorem 4.1]), the equation (6.4) admits a unique transposition solution {P^'''^{-),Q"'''^{-)) G 
P)F([0,r];P2(f^;>C(M"))) x L|(0,r;P2(J2;£(Mn))) such that, for any t G [0,r], C/f(-) G Ll{t,T- 
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L2(Q;/:(M"))), V^{-) G L2(t,T;L2(17;£(M"))) and rj G L^,^ (O; /:(R")), and the corresponding solu- 
tion G Cv{[t,T];L'^{n;jC{W))) of the fohowing equation: 



dX" = Ul'ds + yi"du;(s) in {t, T] , 



(6.5) 



it holds that 



(6.6) 



where 

Clearly, (6.4) can be regarded as finite dimensional approximations of the equation (1.10). In 
the rest of the proof, we shall construct the desired solution to the equation (1.10) by means of the 
solutions to (6.4). 

Step 2. This step is devoted to introducing suitable finite approximations of the equations 
(1.13) and (1.14). 

We approximate accordingly (1.13) and (1.14) by the following finite dimensional systems: 
J dx^'^ = {Ax,n + Jn)xl'^ds + <cZs + Knxl'^dw{s) + v'ldwis) in (t, T] , 

and 

{dxl' = {Ax^n + Jn)xl' ds + U2ds + KnX2 dw{s) + v^dw^s) in(t, r]. 

Here = r„a, ^2 = Tn^, u^i') = r„^.i(-), n^i-) = ^rM'), <(•) = r„«i(-) and vl^{-) = TrM')- 
It is easy to see that both (6.8) and (6.9) arc stochastic differential equations. Obviously, ^",^2 ^ 
L%^{n;W), u'^,u^ G L|(i,r;L4(J);M")) and vf,v^ G L|(i, T; L4(J7; M")). One can easily check 
that, for k = 1,2, 

hm e^ = 6inLj.^(0;if), 

n— >oo 

lim < = Uk in Ll{t, T; L^^; H)), (6.10) 
lim vt = Vk in Ll(t,T;L'^{n;H)). 

n— >oo 

Then, similar to Lemma 2.7, one can show that 

Ymi^xl^ = xlinL^{n;C{[t,T];H)), A; = 1,2. (6.11) 

Hence, by Lemma 2.7, we obtain that 

lim lim x^'^ = a;fcinCF([t,r];L4(n;iJ)), A; = l,2. (6.12) 

Denote by Un,x{-, •) the bounded linear operator such that Un^x{-,t)^f solves the equation (6.8) 
with u'l = = 0. Clearly, Un,\{-,t)^2 solves the equation (6.9) with U2 = ^2 = 0. We claim that 
that for any A G p{A), there is a constant C(A) > such that for all n G N, it holds that 

|C4,A(-,i)C"|L^(t,r;L4(n;i/)) < C'(A)|6lL4^^(0;f/)- (6-13) 
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Indeed, by 

Xi'^ {s) = Sn,\{s - t)£,i + I Sn,\{s-T)Jn{T)xl'^{T)dT+ / Sn,x{s - T)Kn{T)x'l'^ {T)dw{T) , 

Jt Jt 

noting that for all n G N, |<S'„,A(')l-L°°(o,r;£(H)) < e""^-^'^(^)^ and utilizing Lemma 2.1, we obtain that 

nUn,x{sMl\H 



E 



H 



< 



This, together with Gronwall's inequality, implies (6.13). 

Also, denote by Ux{-,-) the bounded linear operator such that Ux{-,t)(,i solves the equation 
(2.11) with ui = vi = 0. Clearly, Ux{-,t)(^2 solves the equation (2.12) with U2 = V2 = 0. We claim 
that that there is a constant C > such that for any A G p{A) it holds that 

\Uxi-,t)^l\L^(t,T;L4{Q;H)) < C\^l\L%^{n;H)- (6-14) 

Indeed, similar to the above proof of (6.13), by (2.14) and utilizing Lemma 2.1, we obtain that 

E\Ux{s,t)Ci\% 



E 



Sx{s-mi+ r Sx{s-T)J{T)UxiT,t)^idT+ r Sxis-T)K{T)Ux{T,t)^idw 
Jt Jt 



H 



J t 

Hence (6.14) follows from Gronwall's inequality. 

Step 3. In this step, we show that (-P"''^(-)) Q"'^(")) satisfies a variational equality, which can 

be viewed as an approximation of (1.17). 

Denote by X"''*' the tensor product of x"' and x'2 , i.e., X'''-'^ = x^' ® X2' ■ Since 

7/ n,X ^ n,A\ 

d[x^ 0x2 ) 



[dx"' ) (g) X2 + x^l' ig d[x!l' ) + (dx"' ) ® d{x2 ) 



n,X 
Xtf 



ds 



+ 
+ 



[Ax,n + Jn)xl' (8)X2' ds + x"' (g) {Ax,n + Jn) 



ds 



we see that X"''-'^ solves the following equation: 

JdX"'^ = a"'^ds + /3"'^du;(s) in {t, T] , 
\X"'\t)=C^^C^, 



dw{s), 



(6.15) 



where 



a 



n,X 



n,X 



n,X 



I Tl, ^ Tl^X 1 n,A ^ Tl, 

+ U{^X2 + X-^^' (g) U2 



n,X . n,A 
X2 ~P X -j^ 

+ {Knx'l'^) {KnXl'^) + {Knx'l'^) + v[' {K^X^'^) + V^^ ® 
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Recalling that {P"''^{-),Q"''^{-)) is the transposition solution to (6.4), by (6.6) and (6.15), we 
obtain that 

/•T 



= <Ci ® 6, P''^\t))ciw^^ +^[ {a^'\s),P^'\s))^^^^^ds (6.16) 

where $"■'-**(•) is given by (6.7). 

A direct computation shows that 

E^^(x^'\.)®x^'\.),#'^'^(.))^(^„)ds = E^^<$-'^(s)x;^'^s),x^'\.))^„d. 

= -E r{P^'^xl\s), {A^,n+Jn)x^'\s))^^ds-E r {P^'\A^,^ + Jr,)x^,^^{s),xl^^{s))^Js 
Jt Jt 

-E r {P^^^KnX^,'\s),KnX^'\s))^^ds - E ^ {Q-^^x^,'\s),Kr,x^'\s))^^ds 
Jt Jt 

-E f {Q-'>^Knx1^\s),x'^^\s))^„ds + E f {Fnx1^\s),x'^'\s))^„ds. 
Jt Jt 

Next, 

Ej\a-^\s),P-^\s))^^^^^ds 

= E j\p^^\s){Ax,n + Jn)x''Aslxl^\s))^^ds 

+Ej^ {P^'\s)xl'\s), (A,,„ + Jr,)xl'\s))^^ds 

+E {P^'\s)ul{slxl'\s))^^ds + Ej^ {P^^\s)x'l'\s),u^{s))^^ds 

+E r {P^'\s)KnX'l'\s),Kr,X^'\s))^„ds + E r {P^^\s)KnX'l'\s),V^{s))^„ds 

Jt Jt 

+E r {P-'\s)vns),K,,x^'\s))^^ds + E r {P-^\s)vns),vUs))^r.ds. 
Jt Jt 

Further, 

rT 



(6.17) 



(6.18) 



E^ {p-'\s),Q^'\s))^^^„^ds 

E r {Q^'\s)K^x\^\sUl'\s))^Js + E r {Q^'\s)x\^\s),K^xl^\s))^^ds (6.19) 
Jt Jt 

+E {Q^'\syi{s),xl^\s))^^ds + e£ {Q-'\s)x^As),v^{s))^^ds. 
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From (6.16)-(6.19), we arrive at 

+E^^(P-'^(s)x^'\s),u^(s)>^„ds + E^^(P-.^(s)K„(sK'\s),t;2-(s)>j,„ds (6.20) 
+E j\p^'\s)v'l'\s),Kn{s)x'i'\s)+v^{s))^^ds 

Jt Jt 

From the above M"^"-valued processes and Q"'''^{-), one obtains two i2(i?)-valued pro- 

cesses P"'^(-)r„ and (5"'^(-)r„. To simply the notations, we simply identify P"''-^(-) (resp. Q"''^{-)) 
and P"'^(-)rn (resp. Q"'^(-)r„). 

Step 4. In this step, we take n — )■ oo in (6.20) with t G {rj}^^^. Here {rj}^^^ stands for the 
subset of all rational numbers in [0,r]. 

In the sequel, we fix a sequence {Am}m=i P{^) such that ^ oo as m ^ oo. 

Choose n" = = and «2 = ^2 = (^-8) and (6.9), respectively. From the equality (6.20), 
it follows that 

E{P¥x'l''-{T),x^''-iT))^^-Ej\Fr,{s)x'l''-{s),x^''-{^^^^^ (6.21) 
Combing (6.13) and (6.21), we find that 

< C{Xm){\PT\L'2^^(n-C{H)) + \P\l^{0,T; L2(n;£{if)))) 16 II^,^ (n;i?) l6lL4,^(n;i/) ■ 

Here and henceforth C{Xm) denotes a generic constant depending only on A^, independent of n. 
For P"'^-(t), we can find a ^i^n,m € Lj^^ {rt; H) with 1^1 ,n,m\L-j^ (n-H) = ^ ^^ch that 

|P"'^-(t)6,n,™|^|^^^^^ > >-^-(t)L^^(n;z:(^))- (6-23) 
Moreover, we can find a ^2,n,m € with |C2,n,m|L4- — ^ such that 

E<p"'^-(t)ei,n,^,e2,n,^>Mn > l\p''''-mnj . (6.24) 

From (6.22)-(6.24), we obtain that 

\P'"'^'^\L^{0,T;L^n;C{H))) < (^(Am) (|Pr|L^^(n;£(f/)) + l^lLl(0,T;L2(a;r(/f)))) , V n G N. (6.25) 

Thanks to Theorem 5.1, one can find a P^- G >Cpd(L|(0,r;L4(J^;ii-)), L|(0, T; La (J^; iJ))) such 
that 

ll^^'"ll£(L|(0,T;L4(O;H)),L|(0,r;L§(O;//))) " (l^rL^^(Q;/;(H)) + I ^1 (0,T;L2 (Q;Z:(//))) ) , (6-26) 

46 



E(P"'^-(t)er,C2">i 



and a subsequence {n^^^}^^ C {n}^j^ such that 

(w)- lim P''i'^'^^u = P^^u in lI{0,T; L^Q; H)), V m G L|(0, T; L^(0; i/)). (6.27) 

Note that, by means of the standard diagonahsation argument, one can choose the subsequence 
{n^k^}'^i to be independent of Xm- 

4 

Next, by Theorem 5.2, for each rj and A^, there exist an R^'^i'^"^) e Cpd{Lj^^{'D,; H), L^^ {Q; H)) 
and a subsequence {n^^^}^^ C {n^^^y^^ such that 

(w)- lim P"fc"'^-(r,)^ = ii;(''^'^'"),e inLj: W^eL% (n-H). (6.28) 

fe— ^OO ^3 

(2) 

Here, again, by the diagonahsation argument, one can choose the subsequence {^t-^ to be 

independent of rj and A^. 

Let = -y^ = and = 0, = in (6.8) and (6.9), respectively. From (6.20), we find that 

e£ {Q-'^rn^s)Ur,,xJs,t)^^,V^{s))^ds 

= E<P^5x^'^-(r),:r^'^-(T)>^„-E^^(F4.)x^'^-(5),x^'^-(5)>^„ds 

This imphes that 
rT 



< C{\m){\PT\L%(n;C{H)) + (0,T;L2(O;£(//)))) |6 II* ff^jH) l^^2 |L|(t,T;L4(n;//)) • 



(6.29) 



We define two operators Q^'^-'* and Q^'^-'* from L%^{Vl;H) to Ll{t,T- lI {U; H)) as follows: 

r Q^'^"'*e = Q"'^'"(-)^n,A^(-,i)r, VeGL^,(0;//); 
I Qr'^'"'*? = Q"'^'"(-)*C^n,A^(-,Or, Ve€L^^(J^;i?). 

Here = r„^. It is clear that Q^'^""*, Q^'^""* G C{Lt{n;H), Ll{t,T; lI {n-, H))). For any given 



n 



, A„i and t, we can find a ^i'""'* G L^J^^;i^) with |Cr'"''*lL4. {q.-h) = 1, such that 

\Qn,\m,ttn,m,t\ > — 4 f6 30) 

Furthermore, we can find a U2''"'*(-) G L|(i, T; L^(r2; i?)) with b2''"'*(-)lL2(t,r;L4(f2;if)) = 1 such 
that 



^^<gn,A.,*(,)t;^_^^(,^i)^n,^.*^^n,^.*(,))^rf,> (6.31) 



E 

/* 
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Hence, combining (6.29), (6.30) and (6.31), it follows that 



i^^l' \\c(L%^{n;H), qit,T;Ll{n;H))) ~ ^ ^^rn) {\PT\L%^(^n;C{H)) + \F\L^^iO,T;L^{n;CiH)))) ■ (6-32) 

Similarly, 

i^l'^""*i£(L^^(n;ff), Llit,T-Ll(n-H))) - ^i^rn){\PT\L%^(n;C(H)) + \F\L^,(0,T;LHn;C(H)))) ■ (6-33) 

By Lemma 5.1, for each rj and Am, there exist two bounded linear operators Q^™'^^ and Q\"^'^^ , 
from Ljr, (f^; H) to L| {rj,T; La {Q,; H)), and a subsequence {nj^ jfeLi C {ra^ independent of 

and \jn, such that 

(w)- limQ;^'= ,A^,r-,^ ^ qW,^ inL|(r,-,r;Lt(0;iJ)), V ^ G L^^. (J^; iJ), 

(3) ' (6.34) 

(w)- limQ^ 'W.^ ^ gA^.'-.^ in L|(r,-, T; lI (O; //)), V ^ G L^^. (O; i/). 

Next, we choose = 0, = in (6.8) and = 0, = in (6.9). Prom (6.20), we obtain 
that 

E(P^ix;^'^'"(r),x^''™(r)>j,„-E^^<F„(.)x;'''-(.),x^''™(.)V„ds 
= E r(P"'^'"(s)<(s),x^'^'"(s)>^„ds + E r {P^'^-{s)K„{s)x'l'^-{s),v^{s))^^ds (6.35) 
+E^^(Q-'^-(s)x;''^-(s),i;2"(s)>Kn^is. 
Define an operator Q2'^™'* from L^{t,T; L'^iQ; H)) to Ll{t,T; {Q; H)) as follows: 

(Q^'^'"'*u)(-) = Q"'^'"(-)^ C/„,A^(-,r)u"(r)dr, Vu G 4(t, T; L^(J^; iJ)), 
where u" = r„u. From (6.35), we get that 

E r {{Q^,'^-\",){s),v^{s))^ds= r {{Q^,'^-''u^,){s),v^{s))^„ds 
Jt Jt 

Jt Jt 

< C{Xm){\PT\L'^^^(n-C(H)) + |-^lLi(0,T;L2(n;r(if))))l^llL2(t,r;L4(n;i?))b2|L2(t,T;L4(Q;ij))- 

Let us choose a u"'"*'* G Lf{t,T;L^{Q;H)) satisfying \u^'^'^\Lj{t,T;L'^{Ci;H)) = 1) such that 

\Qn,\m,t n,m,t\ > 4 (6 37) 

1^2 1 I L|(t,T;L3 - 211^2 ll£(L|(t,T;L4(f2;if)), L2(i^2..^3 (f^.^))) • V" ) 

Then we choose a v"'"*'* ^ L'^{t,T; L'^{U; H)) satisfying |'V2''"'*lL|(t,T;L4(r2;_H')) = 1, such that 

E^^<(Q^'"-'*«r'*)(.),^;r'*(^)>^cZ5 > ^|Q2'''"'*<'"^'\.(,^^^i(^^^„- (6.38) 
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Prom (6.36)-(6.38), we see that 

ll^^'''"'*IU^i(*,T;L4(n;i^)), L|(t,T;Ll(n;H))) " ^(^-) + l^l4(0,T;L^(O;£(//)))) • (6-39) 

Also, we define an operator Q^'^""* from Ll{t,T;L^{Q.;H)) to Ll{t,T; L^n- H)) as follows: 

(Q^'^-*u)(-) = Q^'^-^i-Y U„,^^{;T)u-{T)dT, Vn G LUt,T;L\n-H)), 
where = TnU. By a similar argument to derive the inequality (6.39), we find that 

By Lemma 5.1, we conclude that, for each rj and Am, there exist two bounded linear operators 
and from Ll{rj,T; L^{n; H)) to Ll{rj,T; lI {fl- H)) and a subsequence {4"^^}^! C 

{n^k^}^^i, independent of rj and A^, such that 

(w)- lim Qf''*^'^""'^'u = Q2""'~'u in Ll{rj,T; L^n-, H)), V -u G L|(rj-, T; iJ)), 

, (6-41) 
(w)- lim '' w = Q2 in Ll{rj,T;L3{n;H)), ^ u e Ll{rj,T; L^Q; H)). 

k—>-oo 

Now, we choose ^1 = and = in (6.8), and ^2 — ^ n2 = in (6.9). Prom (6.20), we 
obtain that 

^pn^n^^ (T), (T))„„ {Fr,{s)4''- (s), X^''"- {s))^^ds 

= E r{P^'^-{s)Knis)x'l'^-is),v^{s))^„ds+E r{P^'^-{s)v^{s),Kn{s)xl''"-{s)+v^{s))^^ds 
Jt Jt 

+E (Q"'^'«(s)<(s), xl^^"^{s))^^ds + (Q"'^-(s)a;;^'^'"(s), i;2"(5)>ffin^i5- 

* * (6.42) 

Let us define a bilinear functional Bn,\^,t{'-, ') on L|(t, T; L^(J7; H)) x L|(t, T; L^(J7; H)) as follows: 



^n,A^,t(^^l,^^2) 

= e/ (Q«'^-(.)<(.),x^'"-(s)>^„d5 + E / (g"'^-(s)x^'""(s),t;«(.)>^„d., (6.43) 

\Jvi,V2eLl{t,T-L\n-H)). 
It is easy to check that Bn,\^,t{-, •) is a bounded bilinear functional. Prom (6.42), it follows that 

/ n'"') r)^^' A n'"*^ A \ /"^ / n^^' A n'"'' A \ 

= e(p^'= x^ ''-(r),x^ '"-(T)) (4) - E / (f (4)(.)a;^ ''-(.),x^'= '''"(^))^„(4) 

/•^ / (4) , A n(^) \ (6-44) 

-E / (P'^. •^-(.)i^^(4)(.)x^ '^-{s\vl' is)) j.,ds 

T 



-E / (P". '^'«(.)^;;^'= (5),X^(4)(5)x^'= ''-(5)+t;^'= (5)) ^(4)ds. 
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(4) (4) 

From the definition of P'^'" , x-^ and X2'' , we find that 

(4) (4) X (4) , 

lim E{P^^ xl' ''"•(T),x^'= '"-(T)) ^(3) =E<PTX^-(r),x^(r)>^, 



lim E / (F (3)(s)x^ '^'"(s),^* '^'"(s)) „(4)ds = E / (F(s)x^(5),x^(5))^ds, 
limE/ (P-fc '^-(s)i^ (4)(s)a;^ (s)) j,)ds = E (P^'"(s)K(s)rr^(s),^;2(5)>^ds, 

lim E / P". '^rn^.yk (4)(S)X^'= (S) „(4)ds 

= EJ {P^"^{s)vi{s),K{s)x^"^{s)+V2{s))jjds, 

where xi {resp. X2) solves the equation (1.13) {resp. (1.14)) with ^1 = and txi = {resp. ^2 = 
and -^2 = 0). This, together with (6.44), implies that 



B)^ {vi,V2) = lim S (4) {vi,V2) 

l-T 

E(PTX^(r),x^'"(r))^-E (P(s)x^(s),4-(s))^ds 
-E {P^"'{s)K{s)x^"'{s),V2{s))^ds-E {P^"'{s)vi{s),K{s)x^"'{s) + V2{s)^ ^ds. 



(6.45) 

Noting that the solution of (2.11) (with ^1 = 0, = and A replaced by A^) satisfies 

X^(S)= r Sx^is-T)J{T)x^,-iT)dT+ r Sy^^{s-T)K{T)x>r{T)dT+ f S,^^{s - T)v{T)dw{T) , 
Jt Jt Jt 

by means of Lemma 2.1 and Gronwall's inequality, we conclude that 

\Xi"'\L^(t,T;L^Q;H)) < C"! ^1 1 L|(t,r;L4(n;i/)) • (6-46) 

Similarly, 

\^2"'\L^{t,T;L-i{Q:H)) < C\v2\L2^t,T;Li{n;H))- {QA7) 

Combining (6.45), (6.46), (6.47) and (6.26), we obtain that 

|^A^(^^l,^^2)| < C'(Am)(|Pr|L2.^(n;£(i?)) + \^\L^{0,T;L''{n;C(H))))\vi\L^(t,T-L'i(n;H))\v2\L^(t,T;^^ 

Hence, ;S^^(-,-) is a bounded bilinear functional on L'^{t,T; L'^{Q,; H)) x L'^{t,T;L'^{VL;H)). Now, 
for any fixed V2 G L|(t, T; £^(0; F)), H5^^(-, 1^2) is a bounded linear functional on L|(t, T; L^(0; iJ)). 
Therefore, by Lemma 2.3, we can find a unique vi e Ll{t, T- La {n- H)) such that 

BijvuV2) = <*i'^2>^,^^^^.^4^^.^^^_^,^^_^.^^^^.^^^, V ^2 G LUt,T;L\n;H)). 
Define an operator Qa""* from Ll{t,T;L'^{n;H)) to Ll{t,T;Lt{n;H)) as follows: 
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Prom the uniqueness of vi, it is clear that Qg""* is well-defined. Further, 



IQ^"" Vl\ , 4 = \Vl\ , 4 

< C{\^){\PT\L^^^iu.c{H)) + l^lLl(0,T;L2(Q;£(//))))bl|L|(t,T;L4(Q;H))- 

This shows that Qg""* is a bounded operator. For any a, G M and V2, v^, V4 G T; ii")), 

= Bi^ {av3 + I3v4,v2) = aB\^ ( , ) + PB\^ {v^ ,112), 



which indicates that (33™'*(af3 + Pv^) = aQ'^^'^v^ + j3Q'^^'^V4^. Hence, Qg""* is a bounded linear 
operator from L|(t,r;L^(fi;i7)) to L|(i, T; i/)). Put Qg""* = 5^3""*. Then, for any U2 e 

T; i?)), it holds that 

B\vi,V2) 

^/L|(t,T;L4(n;i?)),L|(t,T;L3(n;H) 

(6.48) 



From (6.20), (6.27), (6.28), (6.34), (6.41), (6.43)-(6.45) and (6.48), we obtain that 
E(PTX^(r),x^-(T))^-E / {F{s)x^-^{s),x^"^{s))jjds 

Jrj 

rT rT 

= E(i?("^'^-)a,6>j^ +E / {P^^{s)ui{s),x^^{s))jjds + E / {P^"^{s)x^"^{s),U2{s))jjds 

Jrj Jrj 

+E / {P^"^{s)K{s)x]^{s),V2{s))^ds + ¥. / {P^-^ {s)vi{s) , K {s)x^"' {s) + V2{s)) ^ds 



+E / {vi{sIQ\-''^{^2){s)+QI"'''^{u2){s) + (Q3'"'''0*(t'2)(5)>^(is 

+E I <gt'"'^^(a)(s) + Q^''^(ui)(s) + Q3^-'^^(i;i)(s),i;2(s))^ds, 

V (a,«i,^^i),(6,«2,^;2) G ^j-..(^^;^^) X L|(r,-,r;L4(J);/f)) x Ll{r^,T-L\n-H)), j G N. 

(6.49) 

Step 5. In this step, we take n ^ 00 in (6.20) for all t G [0,r]. 

Let ui = = in (1.13) and U2 = ^2 = in (1.14). By (6.49), we obtain that 

E(Prt/A„(r,r,)a,C/A^(T,r,)6>^-E f {F{s)Ux^{s,r,)£,uUxrr.{s,r,)i2) ads 

Jrj 

= E(i?('--^-)^i,6>^. 
Hence, for any ^1,^2 € -^f (fi;-ff), it holds that 

Tj 

¥.(uljT,r^)PTUx^{T,rj)i^ - f UlJs,r^)F{s)Ux^{s,T^)^^ds,^2) ^ = E<i?(^-^-)Ci, 6>^- 

Jrj 

This leads to 

^{u*^jT,rj)PTUx^{T,rj)^i - U*^Js,t)F{s)Ux^{s,rj)^ids | J^r,) = R^'^^^^Hi- (6-50) 

Jrj 
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For any te[0,T],he [t, T] and ^ G Lj,^{^; H), let us define 
For any t< hi <h2<T and ^ G L^^{^; H), by (6.51), it follows that 



fe^(r,^2)PTC/A^(r,/i2)C- / uijsM)F{s)u,,^{sM)id^ 

~¥.(uIJTM)PtUxMM)^- UlJs,hi)F{s)Ux^{s,hi)ids | Fn,) 



By Lemma 2.8, it is easy to show that 

E 



lim E 



0. 



On the other hand, 



E 



E 



-E(U*^jT,hi)PTUx^{T,hi)^~ / UlJs,hi)F{s)UxJs,hi)Cds 

Jhi 



F, 



h2 



< CE 

+c: 
+c: 



H 



U*xjT, h2)PTUx^iT, h2)i - U*JT, hi)PTUx^iT, hi)^ 

' Ut is, h2)F{s)Ux^ {s, h2)^ - Ut (s, hi)F{s)Ux^ {s, hi)^ 



h2 
h2 

hi 



ds 



ULis,hi)F{s)Ux„is,hi)^ds 



(6.51) 



(6.52) 



(6.53) 



(6.54) 



Hence, noting that, for each m € N, Ax^ is a bounded linear operator on H, we obtain that 

rT 

^h2 

2 

m (s,h^)F{s)UxAs,h^)ids -^ha) ^ 



lim E ^iuljT, h2)PTUx^{T, h2)i - r U*^Js, h2)Fis)UxAs, h2)^d. 

^ Jh2 

-e(u*^JT, hi)PTUx^{T, hi)^ - £ U*^Js, hi)F{s)Ux^{s, hi)^ds 



(6.55) 



0. 



Put 
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(6.56) 



^ 4 

By (6.52)-(6.53) and (6.55)-(6.56), it is easy to see that is right continuous in L|.^(0;ii') 

on[t,r]. 

For any t G [0,T) \ {rj}'jl^, we can find a subsequence {rj^}^^^ C {rj}'jLi such that rj^ > t 
and Mm r^^ = t. Letting ui = wi = in the equation (1.13), and letting ^2=0 and ti2 = in the 

fc— >oo 

equation (1.14), by (6.49), we find that 

fT 

E(Ptx^ (T), x^- (T))^ - E y (F(s)x^ (s), x^- (s)>^ds 

^ y (6.57) 

= E / <P^-(s)K(s)x^(s),^2(s)>^ds+E /" {x[r,^^T]Ql"''''''{^l){s),V2{s))^ds. 

Let us choose ^ij^ G L^-^ (J^;i?) such that l^ij^Lj,^ ^q-h) = 1 and 



(6.58) 

Then, we choose V2j^ G L^(rj^, T; L4(J^; ii")) with \v2,jjL^(r.i^^T;Li{n;H)) = 1 such that 

^ l\xir,^,T]Q'r''H^lJ.){s),V2^^^^^^^ (6.59) 

Prom (6.57)-(6.59), we get that 

||Xh„T]Q^''"= Li(t,T;Li(n;//))) ' ^ ^^rn) {\Pt\ L^^^in;C(H)) + I^Il1(0,T;£(//))) , 

where the constant C{Xm) is independent of rj^,. Similarly, 



Prom Lemma 5.1, we conclude that there exist two bounded linear operators Q^""* and Q^""*, 
which are from Lj^^{Q,;H) to Lf{t,T; Ls (Q; H)) , and a subsequence C {ifcl^^i such that 

' (w)- Jim X[t.(,),T]Qj""'''=C = in 4(i, T; Li(0; i?)), G L%in;H), 

""^ A 4 (6-60) 

(w)- lim X[t n„T]Qr''"'^ = Qi""'^ in LUt,T;L-sin;H)), G Lj.,(0;/^). 

Letting = 0, i;i = in (1.13) and ^2 = 0, «2 = in (1.14), by (6.49), we obtain that 

rT 

E(PTX^-(r),x^'"(r))^-E / (F(s)x^'"(s),x^'"(s))^ds 
= E / (P^'"(s)ui(s),X2'"(s)>^(is + E / (P^'"(s)is:(s)xi'"(s),U2(s)>^ds (6.61) 
+E^ (X[.,^^,r]Q^''"=(ni)(s),i;2(s)>^ds, ^ ui,V2 G L|(r,,, T; ^^(0; iJ)), G N. 
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We choose u-^ G L|(rj^,r;L^(J];i7)) satisfying |L|(r. ,r;L4(n;if)) = 1> and 



^ 2h[rj^'T]Q2"" IL(L|(,,^,r;L4(n;//)), .TjlI (0;//))) (^-^2) 

> 2 l|Xh-^,T]Q2 ° ^['■^fc'^lll£(L|{t,T;L4(n;ij)), L2(t,T;L§ (f^;ff))) ' 

Then we choose V2 € L|.(rjj,,r;L satisfying ^'^ t-l'^{Q,-h)) ~ ^"^^ 

(6.63) 

From (6.61)-(6.63), we obtain that 

II /^'^"^'^Jfc II 

< C{Xm){\PT\L%_^{n-C(H)) + l^lLl(t,r;L2(f7;Z;(i/)))); 

where the constant C(A^) is independent of rj^,. By a similar argument, we obtain that 

° ^lrjk''^]\\ C{L'^it,T;L'^in;H)), Ll{t,T;L^ {Q.;H))) 

< C{\m){\PT\L^^^(Q.C{H)) + W\Ll{t,T-L^n-C{H))))- 

By means of Lemma 5.1, we see that there exist two bounded hnear operators Q^""'^ and Q^""'^ , 
from Ll{t,T;L'^{n;H)) to T; lI (O; iJ)), and a subsequence {rfjjf^i C {rjf such that, 
for any u G Ll{t,T; L^{n; H)), 

(w)- hm (x[r-,,,T]Q2'"''''' ox[..^,r])^ = Q2'"'*« in LUt,T; lI {n; H)), 

/ \ \ 4 (6.64) 

(w)-^lim (x[.,^,T]Q2""''''= °X[r-,„r])^ = Q2"" « in LUt,T; Ls {U; H)). 

For any t G [0,T], we define two operators g(-^-'*) and on L^^(Q;if) x Ll{t,T;L'^{Q.;H)) x 

L|(t,T; L4(f]; F)) as follows: 

(e, t;) = + ^2™'*^ + Qa'"'*^^, 

V (e,tx,z;) G L3.^(i^;i?) x Ll{t,T-L\n-H)) x Ll{t,T-L\^-H)). 

Prom the definition of Q^""'*, and Ql"''\resp. Q^"^'*, Qg"'* and (Qg""*)*), we find that 

Q(Ar.,t)(.^.^.) (^resp. Q^^""^\-,-,-)) is a bounded linear operator from L3^J^^;-H")xL2(^,^;L4(^^;i^)) 
xL|(i,r;L4(0;i7)) to L|(t, T; lI (O; iJ)) and Q(^-'*)(0, 0, •)* = Q(^""*nO, 0, •)■ 
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For any t G [0,r], from (6.49), (6.56), (6.60), (6.64) and (6.65), we obtain that 

rT 

= E(P^-(f)6,6>^^ + E / <P^'"(s)txi(s),4-(s))^ds + E / {P^-^{s)x^'-{s),U2{s))jjds 

Jt Jt 

+E / {P^^{s)K{s)x\"'{s),V2{s))jjds + K / {P^^{s)vi{s),K{s)x^"'{s) + V2{s))jjds 
Jt Jt 

+E / (i;i(s),Q(^'"'*)(6,^^2,t'2)(s)>^ds + E / {Q^^"^^'\^i,ui,vi){8).M'^))^ds, 
Jt Jt 

V (a, ^i,^'i), (6,^2,1^2) e L%{^-H) X LUt,T;L\n;H)) x Ll{t,T;L\n-H)). 
We claim that 



(6.66) 



P^-(i) = P^-(i), a.e. t G [0,r]. 



(6.67) 



To show this, for any Q <.ti <t2 <T,we choose xi(ii) = ?7i G L^-^^ ($^; H) and -ui = ■ui = in the 
equation (2.11), and X2{ti) = 0, ^2(0 = ^j^^^V2 with 772 G Ljr^^(r2;i?) and f 2 = in the equation 
(2.12), by (6.66) and recalling the definition of the evolution operator Ux^{-, •), we see that 

-^E r lp^^{s)Ux^{sM)m,m)ds 

^ ^/ (6.68) 

= E(PTC/A^(r,ti)r?i,x^J^(T)) -E / (^F{s)UxAs,h)vi,x^J^{s)) ds, 



where Xg^jl") stands for the solution to the equation (2.12) with the above choice of ^2, ""2 and V2- 
It is clear that 



t-i 



4Tt,{-^) = { 



Sxr.{s - r)J{T)x^^^{T)dT + r Sx^is - T)K{T)x^-{T)dw{T) 

J tl 

se [t2,T]. 



1 



h - h jt^ 



[ Ux^{s,t2)x^J^{t2), 

Then, by Lemma 2.1, we see that 



By Gronwall's inequality, it follows that 



where the constant C{\m) is independent of t2- On the other hand, by (6.69), we have 

<c{\^){[ 



(6.70) 



+E 



t2~^l Jti 



1 fi2 ,4 -| 

— S{t2-T)ri2dT -ri2^^j. 
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This, together with (6.70), imphes that 



Hm E|4-(t2) -??2|t < C(A„) hm E 
Therefore, for any s G [i2,T], 



1 



t2-h 



t2 



S{t2 - T)r}2dT - r]2 



H 



< 8 Urn 



E\UxJs,t2)x^J^{t2) - UxJs,t2)v2\% + ^UxJs,t2)v2 ' Uxjs,h)v2\% 



0. 



Hence, we obtain that 

t,i^f+o^2,7.(s) = Ux^{s,h)v2 in V s G [t2,T]. 

By (6.70) and (6.71), we conclude that 

rT 



(6.71) 



hm 

t2-*-tl+0 



^{PTUxjT,h)m,Ux^{T,h)v2) ^-E (^F{s)Ux^{sM)m,Ux^{sM)m) /s. 



(6.72) 



By choosing xi(ti) = rji and ui = f i = in (1.13), and X2{ti) = r]2 and U2 = f 2 = in (1.14), 
by (6.66), we find that 



E(P^-(ii)?7i,ry2 



H 



= ¥.(PtUx^{T, h)rii,Ux^ (T, ti)^) - E / (f(s)C/a^(s, ti)r/i, C/^^ (s, ti)^) ds. 



(6.73) 



Combining (6.68), (6.72) and (6.73), we obtain that 



hm 



1 



t2->tl+0 t2 — t\ 



-E 



t2 



P^"- {sWxr. (s, ti)m , m )Js = E^p^- {ti)m,m^ ^ 



(6.74) 



By Lemma 2.5, we see that there is a monotonically decreasing sequence {^"^iJi^i with 4"'* > 
for every n, such that 



hm , , 
4"'->ti+o 4 - h Jti 



1 e/' (P^"^{s)Ux^{sM)m,r]2)^ds = E{P^"^{ti)r]i,r]2)^, a.e. ii G [0,T). 



This, together with (6.74), imphes that 

E(p^'"(ii)77i,?72)^ = E(p^™(ii)?7i,r?2)^, for a.e. ti G [0,r). 
Since 771 and r/2 are arbitrary elements in L^r^^ (il; i7), we conclude (6.67). 
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By (6.66) and (6.67), we end up with 

E(PTa;^(r),4-(r))^-E j {F{s)x'r{s),x>r{s))^ds 

= E(P^-(i)6,6>^^ + E / (P^'"(s)ui(s),x^(s)>^ds + E / {P^^{s)x'r{s),U2{s))^ds 

Jt Jt 

+E / {P^"^{s)K{s)x^"'{s),V2{s))jjds + E / {P^"^{s)vi{s),K{s)x^"'{s) + V2{s))^ds 
Jt Jt 

+E / {vi{s),Q^^-''\^2,U2,V2){s))j^ds + E / {Q^^^''\^l,Ul,Vl){s),V2{s))j^ds, 
Jt Jt 

V i^i,ui,vi),i^2,U2,V2) e L%{n;H) x Ll{t,T-L\^-H)) x l4{t,T; L^ft; H)). 



(6.75) 

Step 6. In this step, we show the well-posedness of the relaxed transposition solution to (1.10). 

Similar to the argument in Steps 4-5, thanks to the uniform estimate (6.14) (with respect to A^), 
we conclude that there exist a subsequence {Am] C {Xm}m=i' ^ ^i') ^ ^pd{Lf{(}, T; L^{0,; H)), 
Ll{0,T;L^{n;H))), an G CpdiL'^^iO.; H), Lj,^{n;H)), and two bounded linear operators 
and from L^^ {Q; H) x Ll{t, T; ^^(0; H)) x (t, T; ^^(0; H)) to (t, T; {Q; H)) satisfying 
Q(t) (0,0,-)* =Q(*HO>0>-), such that 



(w)- lim P^'"^ (•)^x(-) = ^'(•)^^(-) inL^(0,r;L3(!^;i7)), ^ u{-) L^{<d,T-L\a-H)), (6.76) 



(1) 4 

(w)- lim P^'".(t)^ = in L\{n-H), G i^^,(f^;i?), (6.77) 

3-^00 



and 



(w)- lim Q(^-^'*H^,n(-),t;(-)) = Q(*n^,^(-),^'(-)) in LUt,T; LHn-, H)), 

j->-oo 



lim Q(^^^*)(C,n(-),i;(-)) = Q^'\^,u{-),v{-)) in L|(t, T; lI (J); i/)), (^-^S) 
V (e, u(-), ^;(-)) e L% {Q; H) X L|(i, T; l4(Q; i7)) x L|(t, T; ^^(0; iJ)). 



By (6.75), and noting (6.76)-(6.78), we find that (P(-), -R^ ^ ^ Q^ ^) satisfies the following 
variational equality: 

E{PtXi(T),X2{T))^ - E^ {F{s)xi{s),X2{s))jjds 

= E(pWei,6>^ + IE / {P{s)ui{s),X2{s))jjds + E f {P{s)xi{s),U2{s))jjds 
Jt Jt 

+E f {P{s)K{s)xi{s),V2{s))^ds + E f {P{s)vi{s),K{s)x2is) + V2is))^ds ^^''^^^ 
Jt Jt 

+E / {vi{s),Q^'\^2,U2,V2){s))jjds + E [ {Q^'\^i,Ul,Vl){s),V2{s))jjds, 
Jt Jt 

V i^i,m,vi),i^2,U2,V2) e L%{n-H) X Ll{t,T-L\^-H)) x Ll{t,T-L\n-H)). 

4 

Now we show that is right continuous in LJr (f^; -f/^) on [i, T] for any G L^-^ (il; //). Since 

A is usually an unbounded linear operator on H, here we cannot employ the same method for 
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treating i?^'''^"). Let be the transposition solution to (1.10) with the final datum 

Pj^{= TnPT^n) and the nonhomogeneous term F„(= r„Fr„). By Theorem 4.2, it follows that 



P"(-) G D^{0,T;L\n;jr2{H))) C D^{0,T; L^Q; CiH))). 



(6.80) 



Further, similar to the derivation of the equality (6.50), we conclude that for any t G [0, T], r G [t, T] 
and ^ G Lj,^{^; H), it holds that 

R^-k = E(u*iT,T)PTU{T,T)^- j\*{s,T)F{s)Uis,T)^ds | J^,), 
and ^ 

4 

By (6.80), in order to prove the right continuity of i?^'^^ in L^^(yi;H), it remains to show that 

For this purpose, for any r G [t,?"], we see that 

E|i?«^-P"(r)e|| <Ce| j''u*is,T)[F{s)-F^{s)]U{s,T)^ds 

4 

+CE J7* (T, r) (Pt - P?) f^(r> ^ 



H 



By the first conclusion in Lemma 2.6, we deduce that for any ei > 0, there is a (5i > so that for 
all r G [t, T] and t <a <t + Si, 



:\U{r,T)^-U{r,a)^\jj<eu ^ r e [a,T]. 



3.82) 



Now, we choose a monotonicity increasing sequence {t,}^^ C [0,r] for A^i sufficiently large such 
that Ti+i — Ti < di with ti = t and tat^ = T, and that 



J E|P(s)|^(j:^)ds) ' < £i, for alH = 1, • • • , iVi - 1. 
For any < t < Tj+i, recalling P„ = r„Pr„, we conclude that 



(6.83) 



E 



< CE 



U*{s,t)[F{s) - Fn{s)]U{s,T)^ds 



H 



^ C/*(s,r)[P(s) - Fn{s)]U{s,n)^ds\^ + CK\ J^^ U*{s,t)[F{s) - Fn{s)]U{s,ri)^d. 
£ U* {s, t) [F{s) - Fnis)] [U{s, n) - Uis, t)] ^ds 



<c£^ [Hs) - Pn(s)]C/(s,Ti)e|^ds + C(^£^' nF\l^H)ds) 



+C max E 
se[T,T] 



[U{s,n)-U{s,T)]i 



ds. 



(6.84) 
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By the choice of F„, there is an integer N2{ei) > so that for all n > N2 and i = 1, - ■ ■ ,Ni — 1, 



s)-Fnis)]U{s,Ti)^ 



ds < El. 



Combing (6.82)-(6.85), we conclude that for all n > N2 and t e [t,T], 



E 



U*{s,t)[F{s) - Fn{s)]U{s,T)Cds 



H 



< Ci£i. 



(6.85) 



(6.86) 



Here the constant Ci is independent of ei, n and r. Similarly, there is an integer Ns{ei) > such 
that for every n > N^, 



E 



U*{T,t)[Pt-P¥]U{T,t)C 



< C2ei, 



(6.87) 



for the constant C2 which is independent of ei, n and r. Now for any e > 0, let us choose 
£1 = C1+C2 ■ Then, for all n > max{Ar2(£i), A^3(£i)} and r G [t,T], 

E|i?(-)^-P-(-)^||<£. 



Therefore, we obtain the desired result (6.81). 
Further, similar to (6.67), one can show that 



P{t) = R^^^ in L'^{^;H), a.e. tG[0,T]. 



(6.88) 



Combining (6.79) and (6.88), we see that (P(-), ^ Q^'^) satisfies (6.2). Hence, (P(-), Q^'^) 
is a relaxed transposition solution to (1.10), and satisfies the estimate (6.3). 

Finally, we show the uniqueness of the relaxed transposition solution to (1.10). Assume that 

(P(-), q'' Q ) G -DF,«)([0,T];Ll(ri;£(i7))) x Q[0, T] is another relaxed transposition solution to 
the equation (1.10). Then, by Definition 6.1, it follows that 

= E((p(i)-P(i))ei,6)^ + E j (^{P{s) - P{s))ui{s),X2{s)) ^ds 

(^(P{s)-P{s)^xi{s),u2{s)^^ds + W. j (^{P{s) - P{s))k{s)xi{s),V2{s)^ ^ds 

/T 
( {P{s) - P{s))v^{s),K{s)x2{s) + V2{s)^^ds 

+Ej (vi{s),(q -Q^'^){^2,U2,V2)is))^ds+Ej ((Q^*^-QW)(6,ni,i;i)(s),i;2(s))^c?s, 

Vie [o,r]. 

(6.89) 

Choosing ui = U2 = and = 'U2 = in the test equations (1.13) and (1.14), by (6.89), we 
obtain that, for any t e [0,T], 

= E((p(t)-P(t))ei,6)^, Va, ^2(^L%in;H). 

Hence, we find that P(-) = P(-)- By this, it is easy to see that (6.89) becomes that 

= e/ {vi{s),(Qi^)-Q^'^y^2,U2,V2){s))^ds+E / (^(^Q'^'^-Q('^y^i,ui,vi){s),V2{sj)^ds, 



G [0,T]. 



(6.90) 
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Choosing V2 = in the test equation (1.14), we see that (6.90) becomes 

= Ey^ (t;i(s),(Q(*)-QW)(6,n2,0)(s))^ds. (6.91) 

Noting that vi is arbitrarily in L|(0, T; L^(0; iJ)), we conclude from (6.91) that Q(*)(-,-,0) = 
QW(-,-,0). Similarly, QW(-,-,0) =Q(*)(-,-,0). Hence, 

= kJ (^viis),(Qi^)-Q^'^Yo,0,V2)is))^ds+E j ( (q^*^ -Q^) (0, 0, ^;i)(s),i;2(s))^ds. 

(6.92) 

Since Q^*^ (0,0,-)* =QW(0,0,-) and QW(0,0,-)* = Q(*Ho,0,-), from (6.92), we find that 

= 2¥.j^(v^{s), (W)-Q^'^)iO,0,V2){s))^ds, (6.93) 

which implies that Q^*^(0,0,-) = QW(0,0,-) and Q(*)(0,0,-) = QW(0,0,-)- Hence Q^*\-,-,-) = 
Q'-*-'(-, •, •) and Q(*)(-,-,-) = Q(*)(-,-,-). This completes the proof of Theorem 6.1. □ 

Remark 6.2 1) From the variational identity (6.20), it is quite easy to obtain an a priori estimate 
for P^'^^ with respect to n (See (6.25) ). However, from the same identity, it is clear that Q"'-^"* 
is not coercive, and therefore, it is very hard to derive any a priori estimate for Q"'^'". This 
is the main obstacle to prove the existence of transposition solution to the equation (1.10) in the 
general case. As a remedy, we introduce four operators Q"''*'""*, Q"''^'"'*, Q^'''^"''* and Q^''^"^'^ and 
the bilinear functional Bn^\^^t{'-, so that one can obtain suitable a priori estimates and take limit 
in some sense, and via which we are able to establish the existence of relaxed transposition solution 
to (1.10) with general data. 

2) Alternatively, one may use Theorem 4-2 (instead of Theorem 3.1 (or [18, Theorem 4-1])) 
prove Theorem 6.1 (by approximating the data Pt and F respectively by a sequence o/ {fxife^i 
L'^j:^{Q.; C2{H)) and {F^}'k=i C L]^(0, T; L2(0; £2(-f^))) in the strong operator topology). Neverthe- 
less, in some sense, our present proof seems to be more close to the numerical approach to solve 
the equation (1.10). 

7 Some properties of the relaxed transposition solutions to the 
operator-valued BSEEs 

In this section, we shall derive some properties for the relaxed transposition solutions to the equation 
(1.10). These properties will play key roles in the proof of our general Pontryagin-type stochastic 
maximum principle, presented in Section 9. 

The following result shows the local Lipschitz continuity of the relaxed transposition solution 
to (1.10) with respect to its coefficient K. 

Theorem 7.1 Let the assumptions in Theorem 6.1 hold and let {P{-),Q^'\Q^'^) be the relaxed 
transposition solution to (1.10). Let G Lj{0,T; L°°{n; C{H))) and let (P^(-), Q^''^^, Q^^'^^) be 
the relaxed transposition solution to the equation (1.10) with K replaced by . Then, 

||Q(»)(o,o,.) - Qi»''i(o,o,.)||,,^,„^,.,„^„„ 

< C{K'^)\K - i^^|L|(0,r;L°°(Q;£(//)))- 
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Here the positive constant C{K^) depends on A, T, \J\Lj{o,T-L'-'{Q-C{H)))> \K\Lj(^o,T-L^{Q-C{H)))> 

\K^\Lj{0,T;L--{Q;C{H)))> \Pt\l%^(Q.C{H)) and |i^|Li(o,T;L2(f2;£(i/))) ■ 

Proof: The proof is divided into several steps. 

Step 1. For any t G [0, T], consider the following two equations: 



dxf = {A + J)x^ds + uids + K^x^dw{s) + vidw{s) in {t, T], 



and 



dx^ 



{A + J)x2ds + U2ds + K^X2dw{s) + V2dw{s) in {t, T] , 



(7.2) 



(7.3) 



Here ^1,^2 G Lj,^{^;H), ui,U2 G Ll{t,T; L'^iQ; H)) and vi,V2 G Ll{t,T; L^{n; H)) are the same 
as that in (1.13)-(1.14). Clearly, for any s G [t,T], it holds that 

^xUs)\% =E S{s-t)Cl+ I S{s-T)J{T)x^{T)dT + [ S{s-T)ui{T)dT 

Jt Jt 

+ / S{s-T)K''{T)x^{T)dw+ [ S{s-T)vi{T)dw 
Jt Jt 

<CE\S{s-t)^i\%+E S{s-T)J{T)x^{T)d 



4 rs 

+ E 

H 



S {s — T)ui{T)di 



+E 



/ 5(s-T)K^(T)xf(r)dw ^ +E / S{s-T)vi{T)dw 
Jt ^ Jt 



H. 



By Lemma 2.1, it is easy to see that 



E 



S{s-T)K^{T)x^{T)dw 



H 



< CE 



\S{s-T)K^{T)xUr)\ldr 



< C / E 



\K^{r)xnr)\H\ dr<Cj^ |i^"(r)lio.(n;r(^f))Ekf (r)|^dr. 
This, together with (7.4), implies that 

■,L*{Q.;H)) ■M{n;H))\ 

+C J\\J{r)\U(^n;CiH)) + \K^{r)\U^n-ciH))]n4(.r)\%dT. 
By Gronwall's inequality, we obtain that 

\Xl\L^{t,T;L^{n;H)) < C'(^^) (16 II^,^ + Wl\L^(t,T;L^a;H)) + \vi\L^{t,T;Li{n;H))) ■ 

Similarly, 

^2 |L|°(t,T;L4(n;//)) < C'(-f'^^ ) (16 II*,^ (r2;iJ) + 1^2 |L|(t,T;L4(n;if)) + ^2 |L2(t,T;L4(n;if))) • 

Let yi = xi — Xi and y2 = X2 — . Prom (1.13) and (7.2), we see that solves 

J dyf = + J)ytds + Ky^dw{s) + {K - K^)x^dwis) in {t, T], 
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(7.4) 



(7.5) 



(7.6) 



(7.7) 



(7.8) 



Then, similar to (7.5) and by (7.6), we have 

nyHs)\% 

<C\{K- K^)xt\l.^,^^.r.Hn;H)) + C J\\J{T)\Uin;C(H)) + l^(T)lioc(f,^^(^))]E|yf (r)||,dr 

< C{K^)\K - ^"^114(0 ,r.i^(f^.£(^)))(|Cl|L4^^(n;J/) + l^il|L|(^,T;L4(Q;i^)) + \vi\L^(t,T;L^{a;H)))^ 

+C J\\J{r)\U^n;CiH)) + mT)\l^^a;C(H))]nyi{r)\%dT. 
This, together with the Gronwall's inequahty, imphes that 
sup E\xi{s) - xUs)\h = sup E\yHs)\H 

sG[t,T] se[t,T] (jg-j 

< C{K^)\K - -fi'^|L|(0,T;L°°(n;£(//)))(l6lL4,^(a;i?) + Wl\L^{t,T;L'i{a;H)) + \'"AL^{t,T;L4{a;H))) ■ 

Similarly, 

sup E|X2(S) - X2 (s)|/f 

se[t,T] ^ ^ (7_-LQ) 

<C{K^)\K - K^\L4^Qj,.Lco(^^.c{H))02\Lj,^(n-H) + W2\L^(t,T;L'i{n;H)) + \'"2\Ll{t,T;L*{n;H))) ■ 

Step 2. By Definition 6.1, it follows that 



E{PTXi{T),X2{T))^-E{PTX^iT),xl{T))^-Ej^ (F(s)xi(s), X2(s)>^ds 

+e£ {F{s)xUs),xUs))Hds 

= E((P(t)-P^(t))6,6>^^ + E r {P{s)uiis),X2{s))^ds-E r {P^{s)ui{s),xUs))Hds 

Jt Jt 

+E [ {P{s)xiis),U2is))^ds-E [ (P^(s)xf(s),t/2(s)>^ds 
Jt Jt 

+E [ {P{s)K{s)xi{s),V2{s))^ds-E [ {P^{s)K^{s)xUs),V2{s))jjds 
Jt Jt 

+E I {P{s)vi{s),K{s)x2{s) + V2{s))jjds-E [ {P''{s)vi{s),K''{s)x^{s) + V2is))jjds 
Jt Jt 

+E [ {vi{s),Q^'H^2,n2,V2){s))^ds-E [ {vi{s),Q^''''H^2,U2,V2)is)) ^ds 



t 

T 



+E / (QW(a,^xi,i;i)(s),i;2(s)>^ds-E / (Q(*'^)(6, ui, i;i)(s), i;2(s))^ds, 
Jt Jt 

V (6,^^i,^i),(6,«2,x'2) G L%{n;H) X l4{t,T;L\n;H)) X Ll{t,T-L\^-H)). 

(7.11) 

Letting ui = U2 = f i = ■U2 = in the test equations (1.13) and (1.14), respectively, from (7.11), 
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we find that 

E((P(t)-P^(t))6,6)H 
= E{PTXi{T),X2iT))^-E{PTxUT),xUT))^ 

-eJ {F{s)xi{s),X2is))^ds + Ej{F{s)xUs),xUs))^ds ^^_^2) 

= E{Pt[x,{T) - x^iT)],X2iT))^ + E{PTxUT),X2iT) - x^{T)) ^ 

-E [ {F{s)[xi{s)-xUs)],X2is))jjds + E [ {F{s)x^is),X2{s) - x^{s)) ^^ds. 
Jo Jt 

In (7.12), we choose ^1,^2 e Lj,^in-H) with |6lL4^^(n;if) = \^2\L%^(n;H) = 1> such that 

On the other hand, by (7.6)-(7.7) and (7.9)-(7.10), we have 

E{Pt[xi{T) - xf (T)],X2(r)>^ + E{PTxtiT),X2{T) - x^{T))^ 

-E j {F{s)[xi{s)-xUs)],X2is))jjds + E J {F{s)x^{s),X2{s) - x^{s)) ^jds 

< C{K^)\Pt\l^^^^^,c(h)){\xi{T) - xUT)\L^^^^n;H) + \X2{T) - xUT)y^^^n;H)) ^^-^^^ 

+C(-f^'^)|-^lLi(0,T;L2(n;£(//)))(kl " 3^1 I Ljf^ (t,r;L4(Q;//)) + \X2 " 2^2 lLf°(t,T;L4(n;//))) 

< C{K^)\K - -f^^|L4(o,T;L°°(n;i;(i/)))- 

Hence, 

ll^'W ' ^'WIU,._(„,„,, 4,„,„„ ^ <^(«')l'^ - «°lxJ(.,T;.»(n..(«,,„ V t <E [0,r]. (7.14) 



Step 3. Letting = = and ui = ^2 = in the test equations (1.13) and (1.14) respectively, 
from (7.11) and noting that 

e/ {vi{s),Q^'\0,0,V2)is))jjds = E [ {Q^'\0,0,vi)is),V2{s))^ds 





and 



E / <i;i(s),Q(0'^)(0,0,i;2)(s))^cis = E / {q('''''\o,0,vi){s),V2{s)) ^ds, 
Jo Jo 

we find that, for any vi,V2 G L|(0, T; L^(ri; i?)), it holds that 

E{PTXiiT),X2iT))jj-E{PTxUT),x^iT))jj-E T (F(s)xi(s), X2(s))^ds 

+E / {Fis)xt{s),xl{s))^ds 
Jo 

= E [ {P{s)K{s)xiis),V2is))jjds-E [ {P^{s)K^is)xtis),V2is))^ds 
Jo Jo 

+E [ {P{s)vi{s),K{s)x2is) + V2is))jjds-E [ {P''{s)vi{s),K''{s)xUs) + V2is))jjds 
Jo Jo 

+2E / {Q^^\0,0,vi)is),V2is))jjds-2E [ {Q^^'''\o,0,vi)is),V2is)) ^ds. 
Jo Jo 



(7.15) 
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We choose vi,V2 G Ll{{),T-L^{^-H)) with \vi\L2^Q^T-L^(a-H)) = \'"2\^(o,T;L^n;H)) = h such that 



(7.16) 



(7.17) 



2E (0, 0, vi){s),V2{s))^ds - 2E (Q(0'^) (0, 0, vi){s),V2{s)) ^ds 

By the above choice of vi and V2, similar to (7.13), we have 

E{PTXi(T),X2iT))^-E{PTxUT),xUT))H-^ T <F(s)xi(s), X2(s)>^ds 

Jo 

+E / {F{s)xUs),xUs))Hds 
Jo 

< C{K^)\K - ^^^|L4(o,T;L°°(f2;£(i?)))- 

By (7.14), it follows that 

E r {P{s)K{s)xiis),V2{s))jjds-E r {P^{s)K''{s)xt{s),V2is))jjds 
Jo Jo 

E / {P{s)K{s)[xiis) - x^is)],V2{s))jjds + E / {P{s)[K{s) - K''{s)]xUs),V2{s)) jjds 
Jo Jo 

E r {[Pis) - P^{s)]K\s)xns)Ms))Hds 



(7.18) 



Similarly, 



E^ {P{s)v,{s),K{s)x2{s)+V2{s))j^ds-Ej^ {P^{s)v,{s),K^{s)x^{s) + V2{s))jjds ^^^g^ 

< C{K^)\K - i^^|L4(o,T;L°°(n;£(H)))- 

Prom (7.15)-(7.19), we obtain that 

||Q(o)(o,o,.)-Q(°'")(o,o,-)|l 



Similarly, 



^C{q{0,T;L^{a;H)),L^{0,T;L^{n;H))) 

< C{K^)\K - i^^|L4(Q_j,.^oo(f2.£(ii-))). 



||g<«)(0,0. .) - Q(»->(0,0. Oll,,,.,,,,,.,^,^,,, .J,.,.;.4(«;«)„ 



Hence, we obtain the desired estimate (7.1). This completes the proof of Theorem 7.1. □ 

Next, we shall show a property of the relaxed transposition solution to (1.10) when the coefficient 
K is piecewisely constant with respect to the time variable. For this purpose, we introduce the 
following subspace of L|(0, T; L^(f2; il)) (Recall (5.2) for the definition of A^): 



n = [Y,xo,{-)hi\ieN, Oi e M, hi e D{A)y 



(7.20) 



It is clear that Ti is dense in L|(0, T; L^(r2; if)). Wc have the following result. 
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no 

Theorem 7.2 Suppose that the assumptions in Theorem 6.1 hold and K = ^ ^ X\ti,ti+-^) 

{t)K, for 

1=1 

some no gN, = ti < t2 < ■ ■ ■ < tno < tno+i = T, and Ki G {9.;C{D{A))), i = 1, • ■ • ,no. Let 
{P{-),Q^'\Q^'^) he the relaxed transposition solution to (1.10). Then, there exist two pointwisely 
defined linear operators Q and Q, both of which are from 7i to L|(0, T; La (O; iJ)), such that 

nT rT 



,ui,vi){s),V2{s))^ds 

Jo Jo 

[ \{{Qvi)is),X2{s))H + {xiis),{Qv2)is))jj 

Jo L 



(7.21) 



holds for any Ci,(2 e Lj,^{n;H), ui{-),U2{-) G L|(0, T; L^(0; F)) and Vi{-),V2{-) G H. Here, Xi{-) 
and X2{-) solve accordingly (1.13) and (1.14) with t = 0. 

Proof: As in the proof of Theorem 6.1 (but with the set {rj}'^i (introduced at the very 
beginning of Step 4) being replaced by {rj}'jLi U {ti,t2, ■ • • , tno}), wc introduce the equation (6.4) 
(approximating to the equation (1.10)), and the equations (6.8) and (6.9) (which are accordingly 
finite approximations of the equations (1.13) and (1.14)), and obtain the approximate variational 
equality (6.20) for P"'^(.) and Q"'^(-). Also, we fix a sequence {Xm}m=i ^ P(^) such that — >■ oo 
as m — >■ GO. We divide the rest of proof into two steps. 

Step 1. Choose ^2=0 ^^'^ ''^2 = in the equation (6.9). Then, there is a constant Ci(Am) > 0, 
independent of t and n, such that |a;2''^|L°°(t,T;L4(Q;j?)) < Ci{Xm)\v2\L'^(t^T;L*{Ci;H))- Without loss of 
generality, we may assume that 

max {ti+i - U) ^ ^''l'^i(^"')l^l^li^(o,T;Loc(f2;£p(A))))- (^-22) 

l<i<no 

(Otherwise, we may choose a refined partition of [0,T] so that (7.22) holds). Letting G 
Lj,^^ (ft; D{A)), < = -(^'^'^^ + J„)^i and = -Knii in (6.8), and letting ^2 = and = in 
(6.9)° by (6.20) with « = we find that 

E(P^5Ci,x^'^-(r))^„ -E f {Fr,{s)i^,xl'^-{s))^^ds 
= E r (P"'"'"(s)u?(s),x^'^-(s))^„ds + E r {P^^^-{s)Kn{s)^i,v^{s))^^ds 



+E r {P^^'^^-is)vUs),K^{s)x'^'^-+v^is))^„ds 
rT rT 



(7.23) 



-e/ {Q^'^-is)Kn{s)^^,x'^''-{s))^„ds + E f {Q^'^-is)^^ ,v^{s))^„ds. 
First, we find a G Lj-^ {Q,;D{A)) with I^iIl" (^1;D{A)) = 1 such that 

Next, we find a V2 G L^{tno,T; L'^{fl; H)) with \v2\L^(^tng,T;L'^{fi;H)) = 1 so that 
1 r <Q"'^'«(.)^-,.;2"(^)>Mnrf« > llQ'^'^-i-K 



E 
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1 \q{t„Q,T;Ll{n;H)y 



Hence, 

r-T 



On the other hand, by (7.22), it follows that 



fT 



'-"0 

trio 

< Vr-t^Jx^'^'" Uoo(i^^ ,T;L4(Q;i/)) li^no II- Q"'^" (O ||^(^^ (j^.^(^))^ ^|(,^^ (^.^))) 

-in, A 



< (tno+1 - ino)^<^l(Am)|^lL4(o,T;Loc(n;£p(A))))||Q'' ■ " (n;I3(A)), L2(t„„ ,T;lI (n;i?))) 



< ■ -o, _ -4 



C{L% (n;D(A)), L2(t„o ,r;L3 ' 



(7.25) 



This, together with (7.24), implies that 

E r {Q^'^-{s)Kn{s)^,,x^'^-is))^^ds + E r <g"'^'"(s)e^^;?(5)>^„ds 

^ gll<5 ' (■)||^(^4 (n;i3(A)),L2(t r;L3(n;ff)))- 

On the other hand, from the choice of ^i, u" and u", we find that 

l'"llL2(0,T;L4(n;i?)) ^ C'(-^m) (|-4|£(D(A), + klL4(0,r;L°°(a;£(i/)))) ■ 

Hence, by the estimate (6.25), it follows that 

-E r {Kn{s)^,,P^'^-{s)v^is))^„ds -E r (P"'^-(S)<(5), Kn(5)^2'^™ + ^2 (s)>Mn^i5 
<C'(Am)(|-Pr|L4,_^(f^;£(ii-)) + |-^lLi(0,r;L2(n;£(J/)))) (l + \A\c{D{A), H) + \{J^ ^)\{Lj{0,T;Loo(^l-C{H))))2) ■ 

(7.26) 

Combining (7.23) and (7.25)-(7.26), we find that 



||/On,A„ 

^^ll£(L4 (f^;I3(A)),L2(t T;LS(f2;ff))) 
<C'(Am)(|J'T|L4,^(Q;/;(i^)) + |-^lLl(0,T;L2(n;£(^/)))) (l + \A\c{D{A), H) + \ K)\{L^{0,T;L°-{n;CiH))))2) ■ 

(7.27) 

By (7.27) and Corollary 5.1, there exist a bounded, pointwisely defined linear operator from 
Lj,^^ (0; D{A)) to L'^{tno,T; lI (O; iJ)), and a subsequence {n^k^jkLi oi {nJf^jfcLi (defined between 
(6.40) and (6.41)) such that 

(w)- hm q4".a.^ ^ gA^ in LUtno,T;Ll{n;H)), G lJ.,^ (n;L>(A)). (7.28) 

fe— ^OO "0 
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Next, letting G Li (n;D(A)), < = -{A^'^-^ + J„)^i and v? = -K^^i in (6.8), and 
letting ^2 = and U2 = in (6.9), by (6.20) with t = tng-i, we find that 



E I (P"'^(s)n?(s),rr^'^'"(s)>j^„ds + E / {P^^>^-{s)Kn{s)(,i,v^{s))^^ds 



+E / <P"'^'«(.)<(.),iC„(5)x^'^- +t;?(5)>^„d5 

■^ino — 1 

+E r (Q"'^-(5)K4s)6,X^'^"'(s)>j,„ds+E r (Q"'^'"(5)er,^;2"(s)>Kn^^^- 



(7.29) 



On the other hand, for these data ^1, u", u", ^2; and V2, from the variational equality (6.20) 
with t = tno, we obtain that 

E(ppei,a:^'^'"(r)>K„ -E r (F„(s)ei,x^'"'"(s)>^„d5 
= E(P"'^-(t„jCi,4^'^-(t„,))^„ +E r (P-'^-(.)<(.),x^'^'"(.))^„d. 

+E r(P"'^-(.)i^„(s)6,^;2"(s)>M.rfs +E /V"'''"(«)<(«)'^n(s)4'''" + ^2 (^)>M.'^« 



+E / {Q^'>^-{s)Kn{s)C,,x^'^-{s))^^ds + K I (g"'^-(s)^^i;^(5)>^„ds. 

(7.30) 

Prom (7.29) and (7.30), it follows that 

E<P"'^-(tno)ei,a:^'^'"(ino)>Kn " ^ / (P„(5)6, X^'^'"(s)>k„^^S 

^ tuQ — 1 

= E / (P"'^™(s)<(s),x^'^-(s))^„d5 + E / {P-'^"^{s)Kr,is)^uv'^{s))j^nds 

(7.31) 

(P"'^™(.)<(s),i^„(s)x^'''"+^2-(s)>^„ds 



+E / (P"'^™(.)<(s),i^„(s)x^'''" +^;2"(s)>^„ds 

-E / (Q"'^-(s)ir„(s)6,x^'^'"(5)>R„ds + E / <Q'^'^-(s)er,i;2"(s)>ffind5- 



Similar to (7.27), from (7.31), one obtains that 
||r)".^'"('.)|| 4 

11^ ^^ll£{L4 (f7;D(A)),L|(t„o_i,t„(,;L3(f2;i/))) 
<C'(Ar„)(|PT|L4^^(Q;£(H)) + |-^lLi(0,T;L2(Q;Z;(/f)))) (1 + l^k(D(A), H) + \{J, l<^)\(LjiO,T;L°° in;C(H)))f) ■ 

(7.32) 

By (7.32) and utilizing Corollary 5.1, we conclude that there exist a bounded, pointwisely de- 
fined linear operator Q}"" , from Li- (fi; L'(^)) to L|(i„„_i, t„„; La (il; iJ)), and a subsequence 

{nf}r=i of{4^)}r=i such that 

(w)- hm Q4'^^".^ = inL2(t„„_i,t„„;Lt(n;F)), V ^ G L^Jl^; L>(^)). (7.33) 

fe— >oo " * 
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Generally, for any i = 1,2, ••• ,no, there exist a bounded, pointwiscly defined linear op- 
erator Q^™ from Ljr^ in;D{A)) to Ll{ti,ti+i; (Q; H)), and a subsequence {"[.^"^"""'''ifeLi of 
|„(4+no-i)|o^^ such that 

(w)- lim Q"* .A.^ = Q^^^'"e mLUk,U+i;LHn-H)), ^ U L^X^l; DiA)). (7.34) 

K— >-00 » 

Since Q^^ is pointwisely defined, for a.e. {t,Lo) G x ft, there is a q^^{t,co) G >C(D(^), ii") 

such that 

For each i = 1, 2, • • • , no, write 

e 

^^ = { Exo,n([t„T]xa)(-)^i I ^ G N, G A^, /i,- G L%^Xft-D{A))]. 

It is clear that T-Li is dense in L^{ti,T; L'^{Q,; H)) and C ^i. Define an operator Q*''^'" from T-Li 

e 

to L|(tj,T;L3(ri;iJ)) as follows: For any v = ^ XOjn([ti,r]xn)(")^j ^ with ^ G N, Oj G and 
/i,GL4.^^(0;L>(A)), 

no £ 

(Q^'^'"i;)(i,w) = ^^X[t^,t,+i)(i)Xo,n(^,T]xn)(«,'^)<™(i,w)/ii, a.e. {t,iu) G (0,T) x Q. 

It is easy to check that Q'-'^'^v G Ll{ti,T; {Q; H)), and Q*'-^" is a pointwisely defined linear 
operator from Tii to L'^{ti,T;Li{Q,]H)). Also, for the above u, we have 

Qu, ,A™(5)^n, (s) = 2^xo,n([*,,T]xn)Q"'= '^'"(s)r^(„o+4)/i,-. 

Hence, 

(710+4) \ ("0+4) , • \ s 

e 

= Exo.n([t„T]xn)(-)[Q"^"°^' '''"(•)r„(no+4)/^,- - {Q''^-hj)i-) . 

This gives that 

(w)- lim Q4"°^"'^'"(-Kfc"°^"(-) = <5''^""i' inL|(ti,T;Lt(n;F)), yvEHi. (7.35) 

fc— >-oo 

Similarly, one can find a subsequence {j^^""^^^}^! C and a pointwisely defined 

linear operator Q*-'^'" from Hi to L^{ti,T; La (^f}; H)) such that 

(w)- lim Q"l"°^'''^-(-)*w'^^"°''''(-) = Q''^™^^ inL|(ij,r;Lt(0;if)), ^ v €Ui. (7.36) 

fc— >-oo 
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For any vi,V2 € Hj, we have 

fT 



E 



, ■ X V /"^ / ("0 + 5) , „("0+5) „("0 + 5) 



lim E / (t),Q" 



("0+5) 



>^-{tYvl'" {t))^dt (7.37) 



("0+5) 



For any ^1,6 G L%X^;H), ui(-),U2(-) e LI{U,T-L\^-H)) and t'2(-) € H^, by (7.35)- 
(7.36), it is easy to see that 



hm ] 
fe— >oo 



= E 



("0+5) . ^ ^ nl"0+5) nl"0+5\A 



(.•S)) „("0+5) 



("0+5) X „(''0+5) \ „l"0+5; 

+<Q"^° '^-(.)x^ ''-(.),i;2"'= (.)> „("o+5) 



("0+5) 



(7.38) 



<(g*'^-^;i)(s),X2(s)>^ + (xi(s), (g*'^-^;2)(s))^ 



Therefore, 



nT f-T 

E / (i;i(s),Q(*-^-)(e2,U2,^;2)(s))^ds + E / (Q(*-^-)(6,^^i,^;i)(s),i;2(s))^ds 
= E / ((Q^'^'«i;i)(s),X2(s))^ + (a;i(s),(g^'^'«i;2)(s))^ ds. 
By (6.75) and (7.39), we find that 

rT 

E(PTxt'"(r),x^(r)>^-E / (F(s)x^(s),x^(s)>^ds 

pT fT 

= E(P^'"(0)6,6>^^ + E / <P^'"(s)txi(s),x^'"(s))^ds + E / (P^-(s)4-(s),U2(s))^ds 

/•T rT 

+E / (P^'"(s)ii:(s)x^'"(s),i;2(s))^ds + E / {P^"'{s)vi{s), K{s)x^"' (s) + V2{s)) ^ds 

Jti Jti 



(7.39) 



+E 



ds, 



(7.40) 

holds for any ^,^2 G L%p-H), ui{-),U2{-) G Ll{ti,T-L^{^;H)) and ^;i(-), ^;2(-) & Ui {i = 
1,2, ••• ,no). 

Step 2. We now take m — >■ oo in (7.40). The argument below is very similar to Step 1. Choose 
^2 = and ^2 = in the equation (2.12). By (2.14) and similar to (6.14), there is a constant 
C2 > 0, independent oft and m, such that |iC2'"k°°(t,T;L4(f2;if)) < C2\v2\L'^{t,T;L'^{Q.;H))- Without 
loss of generality, we may assume that 



l<i<no 



(7.41) 
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Letting G Ljr^^ {n-D{A)), m = -(A^™ + J)Ci and vi = -K^i in (2.11), and letting 6 = and 
U2 = in (2.12), by (7.40) and (7.37), we find that 



E(Pt6,^2'"(T))^ -E / {F{s)ii,x^^-{s))^ds 
= E (P^-(s)ni(s),x^"(s))^ds + E / {P^"^{s)Kis)^i,V2is))j^ds 

trig ^TIQ 

rT 

+E / (P^-(s)?;i(s),ii:(s)4'" +t'2(s)>j:^ds 
Similar to (7.27), by (7.42) and noting (7.41), we have the following estimate: 



L(L% (0;D(A)), L|(t„o ,T;L§ 



<C'(|-Pr|L4^^(n;£(//)) + |-^lLi(0,r;L2(f2;£(i7)))) (l + |^|£(D(A), i?) + \{J ■,^\l'^{Q,T-,L'^{Q,-,C{H)))y) ■ 

(7.43) 

By (7.43) and Corollary 5.1, there exist a bounded, pointwisely defined linear operator Qtn^ from 
L^^^ (Q;L»(A)) to Ll{tno,T;L^(n;H)), and a subsequence {A^^]}°^i of {XmljjLi (defined at the 
beginning of the Step 6 in the proof of Theorem 6.1) such that 



(w)-limQ"°'^-^e = Qt„o^ mLUtno,T-Ll{n;H)), V ^ E L% {^l;D{A)). 

Generally, for any i = 1, 2, • • • , no, there exist a bounded, pointwisely defined linear operator Qt^ 
from L%XQ;DiA)) to L^iU^ti+r, lI {Q; H)), and a subsequence {A^;:°-'+'^}^=i of {A^;'""'+')}^=i 
such that 

(w)- lim Q*'^'". ^ = QtA mLUti,ti+i;L-3{n;H)), V ^ e L^i^; D{A)). 

Since Qj. is pointwisely defined, for a.e. (t,a;) G (tj,tj+i) x Q., there is a qti{t,ijj) G C{D{A), H) 
such that 

[QtM^^) = qu{t,uj)a^), G L^^^(J^;i^(^)). 

e 

Define a linear operator Q from to L|(0, T; La (O; i?)) as follows: For any v = ^XO^^i ^ 

with eeN,OieM and /i^ G D{A), 

no e 

[Qv) {t, ^) = ^Y1 ^lh,h+i) (*)xo^ ^)«*7 ' ^-e- ^) ^ (0' ^) ^ ^• 

7=1 j=l 



Then, 



(w)- lim Q^'^""^ v = Qv in L^(0, T; Ls (O; iJ)), ^vEH. (7.44) 
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By a similar argument, we see that there exist a linear operator Q from % to Lp(0, T; La ($7; iJ)), 
and a subsequence {\t°^'^^}f=i of {A^°+^^}~ ^ such that 

^1 ,,("0+2) ^ n 4 

(w)- lim Q^"^™i v = Qv in L|(0, T; L s (O; i/)), V G (7.45) 

Now, choosing arbitrarily ^1,^2 G H, ui{-),U2{-) G L|(0, T; L^(Q; i?)) and vi{-),V2{-) G by 
(7.38) and (7.44)-(7.45), we find that 



,(2«0+4) 



/■-' r (2n(,+4) -(no+2) 2«o+4 „l^"0+l) _xt"0+2j 

/ <g"^ (.).^ (.),4'= ™^ (^)> 

JQ L I 

(2nn+4) ,(no+2) „(2no+4) .(no+2) „{2no+4) -, 

+{Q< (.)x? (.),^2'= (^)> (2.0+4) (7.46) 



E / [<(Qi;i)(s),a;2(s)>^ + (ari(s),(Qi;2)(s))^ 



ds. 



Combining (6.48), (6.60), (6.64), (6.65), (6.78) and (7.46), we conclude that the desired equality 
(7.21) holds for any ^1,^2 G L%^{n;H), ui{-),U2{-) G Ll{0,T; L^{n; H)) and vi{-),V2{-) G Ti. This 
completes the proof of Theorem 7.2. □ 

Remark 7.1 1) We conjecture that the same conclusion in Theorem 7.2 still holds for any K G 

no 

L^(0,T;L°°(J7;/:(ii'))), or at least for any K = Xlx[ti,ti+i)(0^i no G N, = < ^2 < • • • < 

i=l 

tno < tno+1 = T, and Ki G (n;>C(iJ)) (7/ ^/te /aier is true, then we may drop the assumption 
h^{-,x{-),u{-)) G L^{<d,T;L°°{^l;C{D{A)))) in Theorem 9.1). However, we cannot prove it at this 
moment. 

2) In some sense, the operators Q and Q given in Theorem 1.2 play similar roles as the oper- 
ators Q and Q* , where the later operator Q is the second component of the transposition solution 
(P(-),Q(-)) to (1.10). 



8 Necessary condition for optimal controls, the case of convex 
control domains 

For the sake of completeness, in this section, we shall give a necessary condition for optimal controls 
of the system (1.2) for the case of special control domain U, i.e., J7 is a convex subset of another 
separable Hilbert space Hi, and the metric of U is introduced by the norm of Hi (i.e., d{ui,U2) = 

\U1 - U2\hi)- 

To begin with, we introduce the following further assumptions for o(-, •, •), b{-, •, •), g{-, •, •) and 
h{-). 

(A3) The maps a{t,x,u) and b{t,x,u), and the functional g{t,x,u) and h{x) are with respect 
to X and u. Moreover, there exists a constant Cl > such that, for any {t,x,u) E [0,T] x H x U, 

ax{t,x,u)\\c(H) + \\bx{t,x,u)\\c(H) + \9x{t,x,u)\H + \hx{x)\H < Cl, 
au{t,x,u)\\c(Hi,H) + \\bu{t,x,u)\\c{Hi,H) + \9u{t,x,u)\Hi < Cl- 



Our result in this section is as follows. 
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Theorem 8.1 Assume that xq G Ljr^{Q;H). Let the assumptions (Al), (A2) and (A3) hold, and 
let (,t(-),u(-)) he an optimal pair of Problem (P). Let he the transposition solution of 

the equation (1.8) with p = 2, and yx and /(•, •, •) given hy 



VT = -hx{x{T)), 

f{t,yi,y2) = -ax{t,x{t),u{t))*yi - hx{t,x{t),u{t))* y2 + gx(t,x{t),u{t)) . 



(8.2) 



Then, 



Re (a„(t, x{t),u{t))*y{t) + 6„(i, x{t),u{t)yY{t) - gu{t, u{t),x{t)),u - u{t)) < 0, 

a.e. [o,r] xn,yueu. 



(8.3) 



Proof: We use the convex perturbation technique and divide the proof into several steps. 

Step 1. For the optimal pair (x(-), «(■)), we fix arbitrarily a control u{-) G U[0,T] satisfying 
u{-) — u{-) G L^{0,T; L^ {Q,; Hi)) . Since U is convex, we see that 

u'i-) = u{-) + £[u{-) - u{-)] = (1 - e)u{-) + en(-) G U[0, T], V e G [0, 1]. 

Denote by x'^{-) the state process of (1.2) corresponding to the control u^{-). By Lemma 1.1, it 
follows that 

\x^\CriO,T;LHn;H)) < C {l + |xo|L2^Jf7;ff)) , Ve G [0,1]. (8.4) 

Write .xf(-) = -[.T^(-) — ,t(-)] and du{-) = u{-) — u{-). Since {x{-),u{-)) satisfies (1.2), it is easy to 
see that xf (•) satisfies the following stochastic differential equation: 



dxl = {Axl + afxf + al6u)dt + (hlx\ + h%5u)dw{t) in (0, T], 
xf(0) = 0. 



(8.5) 



where 



'^i(*) = / ax{t,x{t) + aex\{t),u^{t))da, o,\{t) = I au{t,x{t),u(t) + a£6u(t))da, 
^ Jo Jo 

h\{t)= I bx{t,x{t) +aexl{t),u%t))da, 6|(t) = / bu{t,x{t),u{t) + aedu{t))da. 
^ Jo Jo 

Consider the following stochastic differential equation: 

J dx2 = [Ax2 + ai{t)x2 + a2it)5u]dt + [bi{t)x2 + b2{t)5u]dw{t) in (0,T], 

\ X2i0) = 0, 

where 

J ai{t) = ax{t,x{t),u{t)), a2{t) = au{t,x{t),u{t)), 

1 h{t) = bxit,x{t),u{t)), b2{t) = buit,x{t),u{t)). 



(8.6) 



(8.7) 



(8.8) 



Step 2. In this step, we shall show that 



lim 

£->0+ 



xl - X2 



= 0. (8.9) 

Lf'{0,T;L^a;H)) 
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+ 

< CE 
+ 



H 
2 n 

H. 



First, using Lemma 2.1 and by the assumption (Al), we find that 

E\xl{t)\% = E [ S{t-s)al{s)xl{s)ds+ [ S{t - s)alis)5u{s)ds 
Jo Jo 

[ S{t - s)bl{s)xl{s)dw{s) + f S{t - s)bl{s)du{s)dw{s) 
Jo Jo 

[ S{t-s)al{s)xlis)ds^ + [ S{t- s)bl{s)xl{s)dw{s 
Jo H Jq 

f S{t-s)al{s)Su{s)ds^ + [ S{t - s)b'2{s)Su{s)dw{s) 

Jo H Jq 

<C\ [ E\xl{s)\jjds + [ E\Su{s)\jj^dt . 
-Jo Jo 

It follows from (8.10) and Gronwall's inequality that 

E\xlit)\l < C\u-u\l,^,^^.^,^^.H^^y G [o,r]. 
By a similar computation, we see that 

E\x2it)\ji < C|«-^^li2(o,T;L2(n;i/i))' ^ I^'^]- 

On the other hand, put = xf — X2- Then, x^ solves the fohowing equation: 
dxl = [Axl + af (t)x| + (af (t) - ai{t))x2 + (a|(t) - a2{t))Su]dt 

+ [bl{t)xl + (6f (t) - bi{t))x2 + - b2{t))6u]dw{t) in (0,r], 

4(0) = 0. 
It follows from (8.12)-(8.13) that 

n4{t)\H 

[ S{t-s)al{s)xl{s)ds+ [ S{t- s)bl{s)xl{s)dw{s) 
Jo Jo 

+ S{t- s)[al{s) -ai{s)]x2{s)ds+ S{t - s)[bl{s) - bi{s)]x2{s)dw{s 
Jo Jo 

+ S{t-s)[al{s)-a2{s)]Su{s)ds+ S{t - s)[b^2{s) - b2{s)]Su{s)dw{s 
Jo Jo 

c\e [ \xl{s)\Us 
Jo 

+ \M-)\l^iO,T;L^ii;H)) [ HHis) " aiis)\\liH) + Wlis) " ^'l (s) 
«/ 



= E 



H 



fT 

+ 1" - ^\Ll{0,T;L^n;H^)) / ' ^2(5) 11^(^1 + ll^'K^) - b2{s)\\l(^HuH))dt 

J 

< C(l + \u- u\l,^o,T-LHn-H^))){^ I \^li^)\Hds + ^ E[||af (s) - aiis)\\l^H) 

+ \\bl{s) - b,{s)\\l^H) + \\4{s) - a2{s)\\l(^H,,H) + \M{s) - b2{s)\\l^H,,H)\dt}- 
This, together with Gronwall's inequality, implies that 

E[||af (s) - ai{s)\\l^H) + - his)fc^H) 



E\xlit)\jj < (7e^l"-"l^|(0.T;i.2(O;Hi)) 



-||a|(s) - a2is)\\l^H^^H) + WbUs) - &2(s)||i(Hi,H) 
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ds, VtG[0,r]. 



(8.10) 



(8.11) 
(8.12) 

(8.13) 



(8.14) 



Note that (8.11) implies x^{-) — x{-) (in H) in probability, as e — 0. Hence, by (8.6), (8.8) and 
the continuity of ax{t, ■, •), bx{t, ■, •), au{t, •, •) and bu{t, •, •), we deduce that 



'io 



lim / E 



ds = 0. 



His) - ai{s)\\j.^H) + Mis) - bi{s)\\j.^H^ 
+||a|(s) - a2is)\\l^H,,H) + im^) - b2{s)\\liHuH) 

This, combined with (8.14), gives (8.9). 

Step 3. Since {x{-),u{-)) is an optimal pair of Problem (P), from (8.9), we find that 

0<l.n.-^"'°">--^W-» 

e^O e 

= Re <! E 

where 



(8.15) 



{gi{t), X2{t))jj + {g2{t), du{t)) dt + E{K{x{T)), X2{T)) ^ \ , 



9i{t) = gxit,x{t),u{t)), g2{t) = gu{t,x{t),u{t)). 



Now, by the definition of the transposition solution to (1.8) (with yx and /(•,•,•) given by 
(8.2)), it follows that 



-E{hx{x{T)),X2{T))^-E / {gi{t),X2{t))jjdt 



T 



dt. 



= E / \{a2{t)6u{t),yit))^ + {b2it)6u{t),Y{t)) „ 

JQ L -I 

Combining (8.15) and (8.16), we find 

ReE J {a2{tyyit) + b2{tyY{t) - g2{t),u{t) - u{t))^^dt < 



^.16) 



(8.17) 



holds for any «(•) G U[0,T] satisfying «(•)-«(•) G L|(0, T; L2(0; if^)). Hence, by means of Lemma 
2.9, we conclude that 

Re{a2{tyyit) + b2{tyY{t) - g2it),u - u{t)) < 0, a.e. [0,r] x n, ^ueU. (8.18) 
This completes the proof of Theorem 8.1. □ 



9 Necessary condition for optimal controls, the case of nonconvex 
control domains 

In this section, we shall derive a necessary condition for optimal controls of the system (1.2) with 
a general nonconvex control domain. For such a case, the convex perturbation technique does not 
work any more. We need to adopt the spike variation technique to derive the desired necessary 
condition. 

We need the further following conditions on a(-, •, •), b{-, •, •), g{-, •, •) and h{-): 

(A4) The maps a{t,x,u) and b{t,x,u), and the functional g{t,x,u) and h{x) are with respect 
to X, and ax{t,x,u), bx{t,x,u), gx{t,x,u), axx{t,x,u), bxx{t,x,u) and gxx{t,x,u) are continuous 
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with respect to u. Moreover, there exists a constant Cl > such that 
\\ax{t,x,u)\\c(H) + \\bx{t,x,u)\\c(H) + \9x{t,x,u)\H + \hx{x)\H < Cl, 

\\axx{t,X,u)\\c(^HxH,H) + \\bxx{t,X,u)\\c(^HxH,H) + \\9xx{t,X,u)\\c(H) + \\hxxix)\\c{H) < Cl, 

V {t, X, u) e[0,T]x Hx U. 

(9.1) 



(9.2) 



Let 

EI(t, X, n, ki, k2) = {ki,a{t, x, u))^ + {k2, b{t, x, u))^ - g{t, x, u), 

{t, X, u, ki, k2) e [0,T] X H X U X H X H. 
We have the following result. 

Theorem 9.1 Suppose that H is a separable Hilbert space, L^^{Q;C) (1 < p < oo) is a sep 
arable Banach space, U is a separable metric space, and xq G L\r {f!,;H). Let the assumpt 



tons 



(Al), (A2) and (A4) hold, and let {x{-),u{-)) be an optimal pair of Problem (P). Let (?/(•), y(-)) 
be the transposition solution to (1.8) with p = 2, and ut and /(•,-,•) given by (8.2). Assume 
that bx{-,x{-),u{-)) G L^(0, T; L°°(f); £(Z)(A)))), and {P{-),Q^-\Q^-^) is the relaxed transposition 
solution to the equation (1.10) in which Pt, J{-), K{-) and F{-) are given by 

f Pt = -hxx{x{T)), 
.J{t) = ax{t,x(t),u(t)), 
K{t) = bx{t,x{t),u{t)), 
I F{t) = -M^4t,x{t),u{t),y{t),Y{t)). 



Then, 



ReH(t, x{t),u{t), y{t),Y{t)) - ReM{t, x{t),u, y{t),Y{t)) 



— {Pit) [b{t, x{t),uit)) - b{t, x{t),u)] , b{t, x{t),u{t)) - b{t, xit),u) )^ > 0, 

a.e. [o,r] xn,yueu. 

Proof: We divide the proof into several steps. 

Step 1. For each e > 0, let C [0,r] be a measurable set with measure e. Put 

' uit), te[0,T]\E„ 

^ u{t), teE,. 

where u(-) is an arbitrary given element in W[0,r]. 

We introduce some notations which will be used in the sequel. 

' ai{t) = aa:{t,x{t),u{t)), bi{t) = bx{t,x{t),u{t)), gi{t) = ga:{t,x{t),u{t)), 
aii{t) = axx{t,x{t),u{t)), bu{t) = bxx{t,x{t),u{t)), gu{t) = gxx{t,x{t),u{t)), 



al{t) = f ax{t,x{t) + a{x%t)-x{t)),u^t))da, 
Jo 

bl{t)= / bx{t,x{t) + a{x%t)-x{t)),u%t))da, 
Jo 

«iiW = 2 / {1 - a)axx{t,x{t) + a{x'{t) - x{t)),u'{t))da, 
Jo 

bliit) = 2 /" (1 - a)b^^{t,x{t) + a{x%t) - x{t)),u%t))da, 
^ Jo 



(9.3) 



(9.4) 



(9.5) 



(9.6) 
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and 

' 6a{t) = a{t,x{t),u{t)) - a{t, x{t),u{t)), 
5b{t) = b{t,x{t),u{t)) - b{t,x{t),uit)), 
dg{t) = git,x{t),uit)) - g{t,xit),uit)), 
dai{t) = ax{t,x{t),u{t)) - ax{t,x{t),u{t)), 

Sbi{t) = bS,x{t),u{t)) - b^{t,x{t),u{t)), (9.7) 
Sau{t) = axx{t,x{t),u{t)) - axx{t,x{t),u{t)), 
Sbii{t) = bxxit,x{t),u{t)) - bxx{t,x{t),u{t)), 
Sgi{t) = gx{t,x{t),u{t)) - gx{t,x{t),u{t)), 
. ^9ii{t) = gxx{t,x{t),u{t)) - gxx{t,x{t),u{t)). 

Let x^(-) be the state process of the system (1.2) corresponding to the control u^{-)- Then, x^(-) 
solves 



dx^ = [Ax^ + a{t,x^,u^)]dt + b{t,x^,u^)dw{t) in (0,r], 
x'{0) = XQ. 



By Lemma 1.1, we know that 



k1cF([0,T];I,8(a;f/)) <C(l + |X0|l,^^(n;//)), V£ > 0. 



(9.8) 



(9.9) 



Let xf(-) = x'^{-) — x{-). Then, by (9.9) and noting that the optimal pair {x{-),u{-)) solves the 
equation (1.2), we see that xf (•) satisfies the following stochastic differential equation: 



f dx{ = [Ax\ + ~a\{t)x\ + Xi7,(t)<5a(i)] dt + [b\{t)x\ + XEA'^)^b{t)] dw{t) in (0, T], 
1 xl{0) = 0. 

Consider the following two stochastic differential equations: 

J dxl = [Ax^ + ai(t)x|] dt + [6i(t)x| + XEe{t)Sb{t)] dw{t) in (0, T], 



(9.10) 



(9.11) 



and^ 



Axl + ai{t)xl + XEM^ait) + -aii(i)(a;|, x|) 



dt 



biit)xl + XEMSbi{t)xl + -bu{t){x'2,x'2)\dw{t) in (0,r], 
xliO) = 0. 

In the following Steps 2-4, we shall show that 

\xl -xl- a;||i,oo(o,T;L2(n;i?)) = o(£), as £ ^ 0. 

Step 2. In this step, we provide some estimates on xf {i = 1, 2, 3). 



(9.12) 



(9.13) 



^Recall that, for any C^-function /(•) defined on a Banach space X and xo G X, fxx(xo) € C{X x X,X). 
This means that, for any xi,X2 £ X, fxx{xo)(xi,X2) € X. Hence, by (9.6), aii(t) (xl, xl) (in (9.12)) stands for 
0'xx{t,x{t),u{ty){x2{t),X2{ty)- One has a similar meaning for hii{t){x2-,X2) and so on. 
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First of all, by a direct computation, we find 

^xl{t)\%=E [ S{t-s)dl{s)xl{s)ds+ [ S{t- s)xEe{s)Sa{s)ds 
Jo Jo 

+ [ S{t - s)bl{s)xl{s)dw{s) + [ S{t - s)xEAs)Sb{s)dw{s) 
Jo Jo 

I S{t- s)al{s)xl{s)ds^ +E [ S{t - s)xEeis)Sa{s)d 

Jo H Jq 



<CiE 



H 

8 

H 



(9.14) 



+E 



/ s{t 

Jo 



s)bl{s)xl{s)dw{s] 



8 

+ E 


I 


H 





S{t- s)xE,{s)6b(s)dw{s) 



H 



Now, we estimate the terms in the right hand side of the inequality (9.14) one by one. For the first 
term, we have 

f S{t-s)dl{s)x{{s)ds^ <C [ E\dl{s)xl{s)\ljds < CE [ |a;f(s)|^ds. (9.15) 

H Jq Jq 



H 



E 

By the last condition in (1.1), it follows that 

\5a{s)\H = \a{s,x{s),u{s)) - a(s, x(s), u(s)) |^ 

< a(^s,x{s),u{s)) — a(^s,0,u{s)) + a(s, 0, ■u(s)) — a(s, x(s), 'u(s)) 

+ a(s, 0, u{s)) — a(s, 0, u{s)) 

< / a.x[s,ax{s),u{s)^x{s)da 
Jo 

<C[\x{s)\h + 1\, a.e. se [0,T]. 
Hence, using Lemma 1.1, we have the following estimate: 

e| S{t - s)xEAs)Hs)ds\^^ < Ce[ j\EAs)\Sa{s)\Hdsy 
< Ce[ j\EMHs)\H + l]dsy 



H 



(9.16) 



H 



+ 



; (s, ax{s),u{s))x{s)da 



H 



< CE 



XEAs)ds 



7/8 



(9.17) 



xEAsms)\%+i)ds]'y 

< Ce' XEAs){nx{s)\H + 1)^^^ < ^^(l^(-)lc,([0,T];L8(n;if)) + XE^ds 

< C{xQ)e^ 

Here and henceforth, C{xo) is a generic constant (depending on xq, T, A and Cl), which may be 
different from line to line. By Lemma 2.1, similar to (9.15), it follows that 



E 



r S{t - s)bl{s)xl{s)dw{s) 
Jo 



8 






2 


4 /•* 


< CE 


if 


S{t- s)bl{s)xl{s) 


ds 


< CE / 


H 


^Jo 


H J 


JO 



Similar to (9.16), we have 



ms)\H <C[\x{s)\h + \], a.e. s G [0, T] . 
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(9.18) 
(9.19) 



Hence, by Lemma 2.1 again, similar to (9.17), one has 



E 



Sit - s)xEAs)SKs)dwis) <C E XEAs)msmds 



<ce{^ XEMHs)\jj + l]dsy 

<Ce[[£ xe, is)ds\ ^'^ [ XE, {s) II, + 1) ds] 

< Ce" j\EAs){nx{s)\% + l)ds < C(|x(-)|^^([o,T];L8(n;//)) + l)e'£xEAs)ds 

< C{xo)e\ 

Therefore, combining (9.14), (9.15), (9.17), (9.18) and (9.20), we end up with 

a.e. t G [0,r]. 



(9.20) 



E\xlit)\^H <C{xo) / E|xf(s)||,ds + £« + e^ 
This, together with Gronwall's inequaUty, impHes that 

From the inequality (9.21) and Holder's inequality, we find that 

ki(')li;^(o,T;L4(f2;if)) < C{xo)e'^, 

l^l(')li^(0,T;L2(f2;i7)) < C{xo)e. 

By a similar computation, we have 

E\xm\H 

= E 



(9.21) 



(9.22) 



t rt 

S{t - s)ai{s)xl{s)ds + / S{t - s)hi{s)xl{s)dw{s) + / S{t - s)xEAs)5h{s)dw{s) 
Jo 







H 



< C 
+E 



E 



8 

+ E 


I 


H 





S{t - s)bi{s)x^2is)dw{s) 



/ S{t — s)ai(s)x2{s)d; 
Jo 

[ S{t-s)xEMSb{s)dw{s) 
Jo 

<C(xo)(^ E|x|(s)|l,ds + £4). 
By means of Gronwall's inequality once more, (9.23) leads to 

1^2(0 li|°(0,T;L8(f2;i7)) ^ C(xo)e^. 

Prom inequality (9.24) and utilizing Holder's inequality again, we get 



H 



k2(')lL^(0,T;L4(Q;//)) ^ C{xo)s^ 



k2(')li;^(0,T;L2(fi;H)) <C{xo)e. 



Similar to (9.17), we have 



E 



/ S{t-s)xEMHs)ds'^ <C{xo)e 
Jo ^ 



(9.23) 
(9.24) 

(9.25) 
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Hence, it follows from Lemma 2.1 and (9.24)-(9.25) that 



iQ:H) 



S{t - s)ai{s)xl{s)ds + [ S{t-s)xE,{s)Hs)ds + ^ [ 5(i - s)aii(s)(x|(s),x|(s))ds 

Jo ^ JO 

+ [ Sit- s)h{s)xl{s)dw{s)+ [ S{t- s)xEM^bi{s)xl{s)dw{s) 
Jo Jo 

S{t- s)hi^{s){xl{s),xl{s))dw{t 



<C(a;o)E l\xl{s)\Us+ f S{t - s)xEAs¥a{s)ds \ T \xl{t)\%ds+ C \XE,xl{t)\ldt'' 
lo Jo ^ Jo Jo 

. . / 1 1/2 r'^ . 1/2 \ 2 



<C{xo) E / \xl{s)\%ds+e'' + Ei / xsMds 
lo ^ ' JO 

rt f-T 



XEAs)\xl{s)\Hds 







<C(xo)[e/ \xl{s)\%ds + + e f 

L Jo JO 

<C(xo)[e / \xl{s)tHds + e"], 

L Jo -I 
this, together with Gronwall's inequality, implies that 

l^3(')li°°(0,T;L4(f^;ii-)) < C(xo)£^ 

Then, by Holder's inequality, we conclude that 

l^3(')li^(o,T;L2(a;H)) ^ C(a;o)£^ 



(9.26) 



(9.27) 



Step 3. We now estimate Clearly, x| solves the following equation: 

' dxl = {Axl + a\{t)xl + [a\{t) - ai(t)]x| + XEAt)5a{t)] dt 

+ {h\{t)x% + [hl{t)-bx{t)\xl}dw{t) in(0,r], 
. x|(0) = 0. 



Hence, 



nxi{t)\i 

e' 



(9.28) 



S{t- s)dl{s)xl{s)ds+ [ S{t- s)[dl{s) -ai{s)]xl{s)ds+ [ S{t - s)xEMHs)ds 

Jo Jo 



+ / S{t- s)bl{s)xl{s)dwis) + / 5(t - s) [6f(s) -5i(s)] x|(s)ciu;(s) 







H 



< C 



E 



ft 2 ft 

/ ^(t- s)af(s)x|(s)ds +E / S{t- s)[dl{s) - ai{s)]xl{s)di 
Jo ^ Jo 



+E 



+E 



Sit- s)xEe{s)^a{s)ds 



H 



+ E 



Sit - s)blis)xlis)dwis) 



H 



f Sit-s)[h\is)-hiis)\xlis)dwi, 
Jo 



H 



(9.29) 
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We now estimate the terms in the right hand side of the inequahty (9.29) one by one. It is easy 
to see that 



E 



' S{t-s)al{s)xl{s)ds^ <CE [ \al{s)xl{s)\]jds < C {xo)E [ |x|(s)|^ds. 

By (9.25), we have 

||af(s) -ai(s)||^^^^ 

/ [ax{s,x{s) + axl{w),u^{s)) - ax{s,x{s),u{s))]da 
Jo 

/ [ax{s,x{s) + axl{s),u^{s)) - ax{s,x{s),u^{s)) 
Jo 

+axis, x{s),u%s)) - axis, x{s),u(s))] da 



C{H) 



C{H) 

a / axx{s,x{s) +riaxl{s),u^{s))xl{s)dr] + XEe{s)Sai{s) 



da 



C{H) 



<C[\xI{s)\^ + XeAs)\ , a.e. sG [0,r]. 



Hence, 



E 



S{t — s) [af (s) — a\{s)\x\{s)ds 



H 



<CE f \\a\{s)-aM\l^^^\xl{s)\lds 

J 

/•T 

< <^ki(-)li-(0,T;L4(r!;ff)) / [^laf («) " '^MfciH) 

J 



1/2 



ds 



<C{xo)e XEAt) +^x\{t)\ 



1/2 



dt 

1/2. 



< C{xo)eJ^ [xE^t) + {^xl{t)\%y'jdt < C{xo)s'^. 
Similar to (9.17), we have 

/•* 2 
E / S{t- s)xE,{s)Sa{s)ds <C{xo)i 

Jo H 

By Lemma 2.1 and similar to (9.30), it follows that 



I S{t- s)bl{s)xl{s)dw{s)^ <CE f S{t - s)bl{s)xl{s) 
Jo H Jo 



ds 



H 



E 

<CE I \bl{s)xl{s)\^ds <CE I \xl{s)\^ds. 
Jo Jo 

Similar to (9.31), we have 

\\btis) - &i(s)|L(j,) < C [\xlis)\^ + xeAs)] , a.e. s G [0,r]. 
Hence, similar to (9.32), one obtains that 

|2 I =■/ X |2 



(9.30) 



(9.31) 



(9.32) 



(9.33) 



(9.34) 



E 



^ S{t - s)[blis) - bi{s)]xUs)dwis)\'^ <CeJ^ ||6f (s) - b,{s)\\l^^^\xlis)\lds < C{xo)s\ 

(9.35) 
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Combining (9.29), (9.30), (9.32), (9.33), (9.34) and (9.35), we obtain that 

nxl{t)\jj < C{xo)(^jy\xl{s)\%ds + e^y 
Utilizing Gronwall's inequality again, we find that 

k4(-)lioc(o,T;L2(f2;ff)) < C{xo)s\ G [0,r]. (9.36) 

Step 4. We are now in a position to estimate E|a;f (t) — X2{t) — x^{t)\'jf = K\x^^{t) — x^{t)\ff. 
Let x|(-) = x|(-)-x|(-). It is clear that x|(-) = xf (t)-x|(t)-x|(t) = x^(-)-x(-)-x|(t)-a;|(t). 
We claim that xl{-) solves the following equation (Recall (9.6)-(9.7) for the notations): 



dx\ 



+ ai(i)x| + XE,(i)<^ai(*)a;i + \ - a^^{t,x,u^)){x\,x'i) 

+^XBe(*)'^«ii(*)H>a:!) + ^aii(i)H,a:f) - ^aii(i)(a;|,x|) dt 

+ \hx{t)x% + XE, it)6bi{t)xl + ^ ( b'uit) - br^{t, X, u')) (xf , xf ) 

+lxEMSbiiit){xl,xl) + ^6ii(t)(xf,xf) - ^buit){x'2,xl)]dwit), in (0,r], 

I ^1(0) = 0. 

(9.37) 

Indeed, by (9.8), (1.2), (9.11) and (9.12), it is easy to see that the drift term for the equation solved 
by x|(-) is as follows: 

Ax^ + a{t, x^,u^) — Ax — a(t, x, u) — Ax\ — a\{t)x\ — Ax\ — a\{t)x\ 

-XEAt)Ht) - ^aiiW(^2>4) (9.38) 

= Axl + a{t,x^,u^) - a(t,x,u^) - ai(t)(x| + x|) - ^aii(t)(x|,x|). 

For a G [0,1], write /(a) = a(t,x + ax\,u^). Then, by Taylor's formula with the integral type 
remainder, we see that 

/(I) - /(O) = /'(O) + (\l-a)f\a)da. 
Jo 

Since f'{cr) = ax{tj ^ + , n^)xf and /"{cr) = axx{t, x + crxf , 'u^)(xf , xf ), we obtain that 

a{t, x^, u^) — a{t, X, u^) = ax{t, x, u^)xi + / (1 — a)axx{t, x + axf , u^){xl,xf)da 

Jo (9.39) 

= ax{t,x,u^)xl + ^dli{t){xl,xl). 



Next, 

ax{t,x,u^)xl - ai(i)(x| + x|) 
= ax{t,x,u^)xl — ax{t,x,u)xl + ai(t)(x^ — x^ — x|) 



(9.40) 

= XEe [ax{t, X, u) - ax{t, X, u)] xf + ai (t)x| 
= XEeSai{t)xl + ai(t)x|. 
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Further, 

^afi(t)(xf,x"i) - ^aii(t)(x|,x|) 

= ^a,li{xl,xl) - ^axx{t,x,u^){xl,xl) + ^axxit,x,u^){xl,xl) - ^aii(t)(xf , ) 

+^aii(t)(xf,xf) - ^aii(t)(x|,x|) 

= ^{al^{t) - axx{t,x,u'')yxl,x'i) + ^XEjaii{t){xl,xl) + ^aii(t)(x^, xf ) - ^aii(t)(x|, .t|). 

(9.41) 

By (9.38)-(9.41), we conclude that 

Ax^ + a{t, x^ ,u^) — Ax — a{t, x, u) — Ax\ — a\{t)x\ ~ ~ ^\^)^\ 

= Ax% + ai(t)x| + XBeW'^aiWa^i + - ^^^^^(f, x, u^)) (xf ,xf) 

+^Xi5.W'^«iiWH,xf) +^aii(i)(x^,xf) - ^aii(i)(x|,x|). 

Similarly, the diffusion term (for the equation solved by xK-)) is as follows: 

6(^,x^u^) - 6(i,x,«) - 6i(i)x| - 6i(i)x| - XE,(i)<^Ki)4 - 
= 6i(i)x| + XE,(t)<56i(t)x| + ^(6fi(i) - 6^^(t,x,«^)) (xf,xf) 
+JxE.(*)<^^'ii(i)H,x^i) + ^5ii(i)(xf,x^) - ^6ii(i)(x|,x|). 



This verifies that xK-) satisfies the equation (9.37). 
From (9.37), we see that, for any t G [0,r], 



E|x|(t)|^<CE / 5(t-s)[ai(s)x|(s) + XE,(s)<5ai(s)xf(s)]ds 



+E 
+E 
+E 
+E 
+E 
+E 
+E 



S{t - s)(afi(s) - axx{s,x{s),u^{s))) {x\{s),x\{s))ds 



H 



f S{t - s)xEe{s)San{s){xl{s),xl{s))ds 
Jo 



S{t - s)[aii(s)(xf(s),xf(s)) - aii(s)(x|(s),x|(s))]ds 



H 



S{t - s)[h{s)xUs) + XEAs)Sbi{s)xl{s)]dw{s] 



H 



S{t - s)(6fi(s) - bxxis,x{s),u^ (s))) {xl{s),xl{s))dw{s] 



H 



f S{t - s)xEAs)8hr{s){x\{s),x\{s))dw{ 
Jo 



s) 



H 



S{t-s) [bu (s) (xf {s) , xf (s)) - bu (s) (x| (s), x| (s)) ] dw{s) 



(9.42) 
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We now estimate the "drift" terms in the right hand side of (9.42). By (9.22), we have the 
following estimate: 



E 

< C 

< c 

< c 

< c 



f S{t - s)[ai{s)xl{s) + XEe{s)Sai{s)xl{s)]ds 
Jo 

e/ \xl{s)\lds + E I XEAs)\xU-)\Hds 
Jo Jo 

e[ \xl{s)\lds + E [ XEAs)ds f XEAs)\x\{s)\lds 



e[ \xl{s)\lds + s f XEMnxl{s)\jjds 
Jo Jo 

/"* 2 /"* 

^ h5(s)|/^^^« + £k!(-)li-(0,T;L2(Q;/f)) XEAs)di 



(9.43) 



< C{xo) E / \xl{s)\jjds + e" 
'- Jo 

By (9.6) and recalling that x\{-) = x^(-) — x(-), we see that, for a.e. s G [0, T], 

2 / {I - a)axx{s,x{s) + ax\{s),v!^{s))da - axx{s,x{s),u'^{s)) 
Jo 



C{HxH, H) 



< c 



2 / (l-a) axx{s,x{s) + axl{s),u{s)) -a:cx{s,x{s),u{s)) 
Jo L 

+2 / (1 - a)xEe {s)axx [s, x{s) + crxf {s),u{s))da + xe, is)axxis, x{s),u{s)) 
Jo 

\\axx {s, x{s) + axl(s),u(s)) - a^xis, xis),u(s))\\^^^^jj jj^da + xeA^ 



(9.44) 



C{HxH, H) 



Hence, by (9.21) and noting the continuity of axx{t^x,u) with respect to x, we have 



E 



S{t - s){d\^{s) - a:cx{s,x{s),v!'{s))){x\{s),x\{s))ds 



H 



i-T 



< C'|a^!(-)lL-(0,T;L8(n;J/)) / [^i " axx{s , x{s) ,U%s))\\ ^^^jj^jj^j^ 



1/2 



ds 



< C(xo)e=^ 



E 



\axx{s,x{s)+ax\{s),u{s))~axx{s,x{s),u{s))\\'^^^jj^jj^jj^da+XEe{s) 



1/2 



= o(£:^), as e ^ 0. 
Also, it holds that 



(9.45) 



E 



/ S{t - s)xEe{s)San{s){xl{s),xl{s))ds 
Jo 



2 
H 

4 



< C'kl(-)lL-(0,T;L8(n;//)) / XE.(s)[lE||^«ll(s)|U(jjxi/,J/) 

«/ 

<C(xo)e'/ XEMdt = Cixo)e\ 
Jo 



1/2 



ds 



(9.46) 
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By means of (9.22), (9.25) and (9.36), and noting that xl = xf — x^, we obtain that 



1 

-E 



S{t-s) aii{s){x\{s),x\{s)) -aii(s)(x|(s),x|(s)) 



= 1e 

2 



S{t- s) aii(s)(x|(s),xf(s)) +aii(s)(x|(s),x|(s)) 



ds 



ds 



(9.47) 



< C'da;! (•)lL^(0,T;L2(n;H)) + 1^2 (') II^ (0,T;L2(O;//))) (') II^ (0,T;L2(O;//)) 

< C{xo)e\ 



Next, we estimate the "diffusion" terms in the right hand side of (9.42). Similar to (9.43) and 
noting (9.36), we obtain that 



E 



S{t-s)[hi{s)xl{s)+XEAs)5hi{s)x%{s)\dw{s) 



H 



<Ej^ \S{t-s)[bi{s)xlis) + XEMSbiis)xlis)]\'jjds<C{xo)[E j \xl{s)\'^ds + 
By virtue of (9.21) again, similar to (9.45), we find that 



(9.48) 



E 



/ S{t - s)(6!i(s) - hUs, x{s),u'{s))) (xf (s), x\{s))dw{s) 
Jo 



H 



= E [ S{t - s){b'u{s) - b,,{s,x{s),u%s))){xl{s),xl{s)) 
Jo 



ds 



H 



T 



< C|a;!(-)lL-{o,T;LB{n;H)) / [H bli{s) - b^^{s, x^s) , {s))\\ ^^^^^^^ 



1/2 



ds 



r-T ,-1 

< C(xo)£^y^ E ||6^^(s,x(s)+(7xf(s),ii(s))-6a;a;(s,x(s),iZ(s))||^^^^^_^^d(7 + X£;e(s) 
= o{e^), as £ — )• 0. 

Similar to (9.46), we have 



1/2. 



E 



Sit-s)xEMSbnis){xlis),xlis))dw{, 

= E /* \S{t - s)xEMSbu{s){xl{s),xl{s))\lds < C{xo)e\ 
Jo 

Similar to (9.47), it holds that 



ds 



(9.49) 



(9.50) 



S{t-s) 6ii(s)(xf(s),xf(s)) -6ii(s)(x|(s),x|(s)) dw{s) 



H 



(9.51) 



Sit-s) 5ii(s)(xKs),x^(s)) -6ii(s)(x|(s),x|(s)) ds < Cixo)e' 

Prom (9.42)-(9.43) and (9.45)-(9.51), we conclude that 

^xl{t)\jj <C{xq)E |x|(s)|5^ds + o(£2), asi^O. 
Jo 



By means of Gronwall's inequality again, we get 



l^5(')li^(0,T;L2(n;H)) " ^(e^), aS t ^ 0. 
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(9.52) 



(9.53) 



This gives (9.13). 

Step 5. We are now in a position to complete the proof. 
We need to compute the value of J^{u^{-)) — J{u{ )). 

= E f [g{t, x'{t), u%t)) - g{t, x{t),u{t))] dt + m{x^{T)) - E/i(x(r)) 

JO 

= ReE^ [xEAt)^9{t) + {9x{t,x{t),u'{t)),x\{t))jj ^g^^^ 
+ ^ ((1 - (7)fc (t, x{t) + ax\{t),u^{t))x\{t),x\{t))^da}dt 

+ReE(/i^(x(r)), x\{T))^ + ReE ((1 - a)h^^{x{T) + ax\{T))x\{T),x\{T)) ^da. 

Jo 

This, together with the definition of a;f (•), X2{-), x^{-), a^KO and a;|(-), yields that 

= ReE^ {xEMSg{t) + {S9i{t),xlit))^XEAt) + {9i{t),xl{t) + xl{t)) ^ + {g^{t),x%{t)) ^ 
Jo 

+\{S9ii{t)x\{t),x\{t))^XEAi) + \{9ii{t)x%{t),xl{t^^ 

+ReE(/i4x(T)),x|(t)+x|(t))^+ReE(/i4x(T)),a;|(t))^ + ^ReE(/i^4x(r))x|(0,x|(t))^ 
+^ReE(/i^4x(r))x|(r),arf(r) + x|(r))^ 

+ReE C ((1 - a)[K^{x{T) + ax\{T)) - K:,{x{T))]xl{T),x\{T)) ^jdu. 
Jo 

(9.55) 

Similar to (9.44), for a.e. t G [0,r], we find that 



f {1 - a)[g^^{t,x{t) + axl{t),u%t)) - g^^{t,x(t),u%t))]da 
Jo 

I / (1-0-) 9xx{t,x{t) + axl{t),u{t)) - gxx{t,x{t),u{t)) 
Jo 



C{HxH, H) 

da 



(9.56) 

+ / (1 -f^)XEe(*)5xx(i,^(t) + t^a:;U*)>«W)(^o- + X£;.(i)5a;a;(i,^(i),?i(i))||£(j^xH,H)'=^^ 



1 



< C 



\9xx [t, x(t) + ax\ {t), u{t)) - [t, x{t), u{t)) W^H^fj^ H^da + xe^ (*) 

By (9.55), noting (9.21), (9.24), (9.26), (9.36), (9.53) and (9.56), and using the continuity of both 
hxx{x) and gxx{x) with respect to x, we end up with 

= ReE^ [{g^{t),xl{t) + xl{t))jj + \{gii{t)xl{t),xl{t)) + XEAi)59{t)\dt (9.57) 

+ReE(/i4x(r)),4(r) + x|(r)>^ + ^ReE(/i^4x(T))x|(t),x|(t)>^ + o(£). 
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In the sequel, we shall get rid of X2{-) and xl{-) in (9.57) by solutions to the equations (1.8) 
and (1.10). 

First, by the definition of the transposition solution to (1.8) (with yx and /(•,-,•) given by 
(8.2)), we obtain that 

-E(/i,(xT)),x|(r))^-E r {gi{t),x'2it))^dt = E {Y (t) , db{t)) ^XEAt)dt (9.58) 

Jo Jo 



and 



-E{hAxT)),xUT))j^-E [ {gi{t),xlit))j^dt 

Jo 

+Xi=;,(t)[<y(t),5a(t)>^ + (F,56i(t)4(t)>^]}c/i. 
According to (9.57)-(9.59), we conclude that 



(9.59) 



-ReE 
2 JO 



[gu {t)x'2 (t) , xl {t))jj-{y{t),an (t) (t) , xl {t))) ^ 



-{YMiit){xl{t),xl{t)))j}dt + ReE [ XEAi)U9{t)-{yit),5a{t))^ 

J Jo L 

-(y(t),<56(t)> Jdt + iReE(/i,,(x(T))4(r),x|(T)>^ + o(e). 



(9.60) 



Next, by the definition of the relaxed transposition solution to (1.10) (with Pt, J{-), and 
F{-) given by (9.3)), and noting (9.25), we obtain that 



-E(^^4x(r))x|(r),x|(r)) +E / {m^^{t,x{t),u{t),y{t),Y{t))xl{t),xUt))jjdt 

Jo 

=E f xEAt){bi{t>m.m*5h{t))^dt+E f xEM{pitmt)Mit)xm)Hd't 

^ ^-^o (9.61) 

+E / XEAt){Pitmt),6bit))j^dt + E [ XEM{sm,Q^°Ho,o,XEMit))Hdt 

Jo Jo 

+E [ Xi?e(*)<Q^°H0,0,(56)(t),,56(t)>^dt. 
Jo 

Now, we estimate the terms in the right hand side of (9.61). It is clear that P{t)* = P{t) for 
t G (0, r), and hence 



Similarly, 



E / XEM{bi{t)xm,P(.trSb{t))Hdt 
Jo 

< \x2{-)\L^(0,T;L^(n;H))\bl\L^(0,T;C{H)) / |P(i)*<^K*) L 5 ,0 m 

J Eg -^jr^l^^;^; 
<C{xo)y/e [ \Pit)6b{t)\ 4 dt = o{e). 

JEe L% (Q-H) 



E XEAt){P{tW)M{t)x\{t))^dt =o{e). 
Jo 
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dt 



(9.62) 



(9.63) 



In what follows, for any r G [0,T), we choose = [r, r + e] C [0,r]. We find a sequence 
{Mn=i C 'H (recall (7.20) for the definition of U) such that 



lim Pri = Sb in Li(0,T;H). 

n— >-oo 

Hence, 

\Pn\L^(0,T;H) < C(^o) < OO, V n G N, 

and there is a subsequence {nfc}^^ C {n}^^i such that 

^lim 1/3,, it) - 6b{t)\L,^^ ^a;H) = for a.e. t G [0, T] . 



(9.64) 



(9.65) 



For any i E N, let tj = ^-j^T for j = 1, • • • ,^ + 1. Since the set of simple processes is dense 

e 

in L^{0,T;L-°{n;jC{D{Am, we can find a 5^ = 5f(i,a;) = ^X[t„t,+^)it)fj{oj), where G 



(n;>C(£)(A))), such that 



^lim |6i - 6l|L4(0,r;L-(a;£(D(A)))) " 0- 



It follows that 



l^ilL|(o,T;L-(n;£(i/))) < <^(aJo) < OO, V £ G N. 



(9.66) 



(9.67) 



Denote by {P^{-),Q^''^\Q^''^'^) the relaxed transposition solution to the equation (1.10) with K 
replaced by b\, and Pt, J and F given as in (9.3). Also, denote by and the corresponding 
pointwisely defined linear operators from to L|(0, T; La (O; i?)), given in Theorem 7.2. By 
Theorem 7.1 and noting (9.66)~(9.67), we see that 



Consider the following equation: 
f ^41 = [^^2^ +«i(0^2;lj^i + +Xi^e(i)/3n,(t)]di/;(t) in (0,r], 



(9.68) 



41(0) = 0. 



(9.69) 



We have 



E 



J Sit-s)ai{s)xlf^^is)ds + J S{t- s)b{{s)xlf^^is)dw{s) 
Jo 



S{t- s)xEe{s)Pnk{s)dw{s) 



< c 

+E 

< c 



E 



I S{t- 
Jo 



s)aiis)x'A,{s)ds 







H 

t 4 

Sit- s)xEe{s)/3nk{s)dwis) 



+ E 



S{t-s)b\{s)4i(s)dw{s 



(9.70) 



H 



H 



Jo J 
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By (9.64) and (9.67), thanks to Gronwall's inequality, (9.70) leads to 

k2,lfc(')lL°°(0,T;L4(Q;//)) < C (xq, i, k)e'^ . 



(9.71) 



Here and henceforth, C{xo,£, k) is a generic constant (depending on xq, £, k, T, A and C/,), which 
may be different from line to line. For any fixed i,k E N, since Q^Puk ^ L^i^^T; Ls {^}; H)), by 
(9.71), we find that 

rT 



(0,r;L4(f2;if)) / |(Q^/3nJ(*)| 
«/ " Eg 



4 dt 

L|^(n;i/) 



<C{xo,£,k)^/I l_ \{Q^/3n,)it)\ 4 dt = o{e), as £ ^ 0. 



Similarly, 



E rxEM{4'Lit), (gX)(t))^dt| = o{e 

J 



as e ^ 0. 



(9.72) 



(9.73) 



dt. 



(9.74) 



From (7.21) in Theorem 7.2, and noting that both and are pointwisely defined, we arrive 
at the following equality: 

E r(xEe(i)/3n,(t),Q(°''nO,0,XEe/3nJ(*)>^dt + E r {Q^''^'\0,0,XEjn,m,XE,M))^dt 

Jo Jo 

= E Tx^e \{{Q'Pn,){t),4i,{t))^ + (X^i^it), (QK) W)^ 

Hence, 

E r (xiJ. it)5bit), (0, 0, Xi?.<^6)(t)>^dt + E r (g(°)(0, 0, X£.')^)(t), X^;. (t)<56(t)>^a!i 
Jo Jo 



= E r {xE^ it)Sb{t),Q^^^ (0, 0, XEM{t))jjdt + E r (q(o) (0, 0, XEjb){t),XE, it)Sbit)) ^^dt 
Jo Jo 

-E / {xEAt)Pndt),Q^'''HO,0,XEjn,m)j,dt 

Jo 

-E / {Q(''''\0,0,XEjn,m,XEAt)Mt))Hd't- 
Jo 



(9.75) 



It is easy to see that 



< 



E / {xEAtmt),Q'^'^\0,0,XEjb){t))j^dt-E [ {xEAt)Pn,it),Q^'''H0AXEjn,m)jjdt 

Jo Jo 

E / {xEAtmt),Q^''\o,o,XEMit))Hdt-'^ I {xEMsm,Q^''Ho,o,XEMit))Hdt 

Jo Jo 



+ 



+ 



T 



E / {xEAtmt).Q^''\^.^.XEjnu){t))Hdt-^ / {XEAmn,{t),Q^^\^,Q,XEjnum)Hdt 

Jo Jo 

e/ <XE.(t)/3n,(t),Q(°H0,0,XE./3nJ(t)>^o!t-E/ (xE.(t)/?n,(t),Q(°''H0,0,XE./3nJ(i)>^f^t 
JO Jo 

(9.76) 



Prom (9.65) and the density of the Lebesgue point, we find that for a.e. r G [0, T), it holds that 



E / {Q^''\o,o,XEM{t),XEAtmt))Hdt 

Jo 

E / {Q^''\0,0,XEjb){t),XEAt)/3nMHdt 



Um hm — 



< C lim hm - 1 xe^ 

k-^oo £->-0 £ 



L|(0,r;L4(Q 



< C lim lim 
k^oo £— >0 



\5bir)\ 



[ [ XE, (t) {nSb{t) - Pn, (ttn) ' at] ' 



1 /"^+^ 

^ J T 



C lim lim \6b{T)\ (^^ h) 

^ <^ jj™^ I '^^(^) I {il;H)\^b{T) - (t) | ^^.jj) 

0. 



Similarly, 



lim lim — 

fe— ^OO£->-0 £ 



< hm lim-|Q(0)(0,0,X£;./3nJ| 



Ll{0,T-L^{n;H)) 



1 , 1 



< C lim lim -\xEef^' 

fe— >oo £->0 £ 



'e/^"/=lL|(0,T;L4(a;//)) 



■E r {XEMM),Q^''HOAXEjn,m)^dt 

Jo 

^ X£;e(i)(E|56(t)-;S„,(t)||,)"dt 

^XEeW(E|<56(t)-^n,(i)||/)'dt 
1 ~ 

^ XBeW(E|<56(t)-/3n,Wll^)'cii} 

/'^X£;eW(E|5fe(i)-/5n,(i)lH)'^^* 



< C lim lim -j 

fe— >OO£-^0 L 



+ 



l'^K'r)lL4,^(f2;ff) 



1 /" 

+- Xi^.(t)(E|56(t)-/3„,(t)||,)"dt} 



1 /"^ 1 

+ - I mt) - /3r.Ml^^^ia;H)dt\ 



(9.77) 



(9.78) 



= 0. 
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From (9.68) and the density of the Lebesgue point, we find that for a.e. r G [0, T), it holds that 



Urn Hm hm — 



Jo 
Jo 

1 t r ^ 



< hm hm hm— Ixe^./?; 



"felL2(0,T;L4{n;//)) 



||Q('^'^)(0,0,.)-Q('^)(0,0, 



I /;(L|(0,T;L4(Q;H)), L2(0,r;L3 (il;H))) 



Ihn ^hm I /3„, (r, •) I I^^^^.h) W''^ (0, 0, •) - Q^^^ (0, 0, •) || 



= 0. 



C{Ll{0,T;Li(n;H)), Lj{0,T;L^ {a;H))) 



Prom (9.76)-(9.79), we find that 



hm hm hm — 

k-*oo £-^00 £->-0 £ 
i-T 



■T 



E / {xEAm{t),Q^''HoAxEM{t))Hdt 

Jo 



(9.79) 



(9.80) 



0. 



hm hm hm — 

fe-100 £-^00 £->0 £ 
f-T 



(9.81) 



-E / (xE.(i)/3n,(t),Q^°'')(0,0,XE,/3nJ(i)>^di 
Jo 

By a similar argument, we obtain that 

E r {Q^''\0,0,XEjbm,XEAtmt))jjdt 
Jo 

-E 1 {Q^'''K0,0,XEjn,m,XEMf3nMHdt = 0- 

Prom (9.72)-(9.73), (9.74)-(9.75) and (9.80)-(9.81), we obtain that 

E^^X£,(0<<^K0,Q^°H0,0,XEe56)(t))^c/i + E^^X£;e(0<Q^°^(0,0,(56)(t),(56(i))^dt| 
= 0(e), as e ^ 0. 
Therefore, we have 



: ReE 



^ [<55(i)-<y(t),<5a(0)^-<y(i),56(t))^-i<P(t)(56(t),<56(t))Jx£;,(i)di + o(e). 



(9.83) 

Since «(•) is the optimal control, J{u^{-)) — J{u{-)) > 0. Thus, 

ReE^'^Xs.W[<y(i),Mi)>^ + {Y {t) , 5h{t)) ^ - 6g{t) + i(P(t)56(t), ,56(t)> J < o(e), (9.84) 
as e — ^ 0. 

Pinally, similar to [14, 30], from (9.84), we obtain (9.4). This completes the proof of Theorem 
9.1. □ 
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Remark 9.1 1) We believe that b^{-,x{-),u{-)) G L^{0,T: L°°{n;£{D{A)))) is a technical condi- 
tion in Theorem. 9.1 hut we cannot drop it at this moment (because we need to use Theorem 7.2). 
It is easy to see that this condition is satisfied for one of the following cases: 

1) The operator A is a bounded linear operator on H; 

a) The diffusion term b{t, x, u) is independent of the state variable x; or 

Hi) Some further regularities for xq, a(-, •, ■) am,d b{-, •, •) are imposed, say xq G Lj-^(Q,; D{A)), 
and the Assumption (Al) holds also when the space H is replaced by D{A). 

2) If the equation (1.10), with Pt, J{-), K{ ) o,nd F{-) given by (9.3), admits a transposition 
solution {P{-),Q{-)), then the assumption bx{-,x{-),u{-)) G Lf{0,T; L°° {^■, £,{D{A)))) is not needed 
(for the same conclusion in Theorem 9.1). Indeed, in this case, by Definition 1.2, instead of (9.61), 
we have 



-E(/i^4x(T))x|(r), x|(r)> + E / {Mxx{t, xit),uit),y{t),Y{t))xUt),x'^{t))^dt 

Jo 

= E / XEM{bi{s)x'2is),P{srSb{s))^ds + E I XEM{P{s)5b{s)M{s)x%{s))^ds 
Jo Jo 



(9.85) 



+Ej^ XEM{Pis)^b{s),Sb{s))^ds + E l_ XEM{Qis)^Ks),X2{s))Hds 
+E r XESs){Q(s)xl{s),6b{s))^ds. 



1 4 

The estimates (9.62)-(9.63) are still valid. On the other hand, by Q{-)db{-) G Lp(0, T; Ls (O; iJ)), 
it holds that 



E / XEAs){Q{s)Sb{s),xl{s))jjds 
Jo 

< I4(«)Il-(o,T;L4(Q;//)) / \Qis)6b{ 

J Eg 

<CV^J^ \Q{s)Sbis)\^.^^^^^ds = oie). 
Similarly, noting that Q{t)* = Q{t) for a.e. t G (0, T), we obtain that 



s}\ 4 ds 
L-3{n-H) 



(9.86) 



T 



E / XEM{QisX2is),Sb{s))^ds 



E / XEM{x'2{s),Q{s)*db{s))^ds =o{s). (9.87) 





Combining (9.85), (9.62) -(9.63) and (9.86) -(9.87), we still have (9.83), which leads to the desired 
result. 

3) For concrete equations, say for the controlled stochastic heat equations, one may obtain better 
results than that of Theorem 9.1. Related work will he presented elsewhere. 
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